A STUDY OF THE CIRCLE CROSS* 
J. L. COOLIDGE 


One fundamental characteristic of that discipline which is called by the 
vague title of “ higher geometry ” consists in taking as element, not neces- 
sarily a point in two or three dimensional space, but any object which can 
be determined by a finite number of parameters. The student of analytic 
geometry begins in Cartesian fashion with a point and its codrdinates. A 
little later line and plane coérdinates are introduced, and the student feels 
that the content of his subject has been multiplied by two. Further extensions 
soon follow, the Pliicker line geometry, the coérdinates of a circle or sphere, 
the linear line-complex as space element, the projective geometry of n dimen- 
sions. The process is capable of indefinite extension. 

In line geometry a very fruitful idea was introduced by Study,7 that of 
taking as element, not a single line, but a pair of lines called a “ cross.” 
One line of the pair is finite, the other, in general, at infinity, and each plane 
through one is perpendicular to the other. The cross takes a more symmetrical 
shape in non-euclidean space where under the previous definition the two 
lines are merely mutually polar with regard to the absolute quadric.{ It 
is the object of the present paptr to extend this concept to circles. A circle 
cross will be composed of a puir of circles so related that every sphere through 
one is orthogonal to the other. In the first section we shall give a number of 
preliminary theorems, some well known, concerning the angles of circles. In 
the second we take systems of circles orthogonal to one sphere. The analogy 
to the corresponding problem in non-euclidean line geometry is here so close 
as to be almost identity, and we shall give our results with all possible brevity. 
In section three we shall discuss circle crosses in general position in space. 
The simple analytical treatment of the cross as element does not seem possible 
in this case, but a number of interesting results are obtainable. In the last 
section we discuss a new transformation which carries circles into circles, 
but not spheres into spheres. Theorems already familiar are marked with an 
accent to the number, as Theorem 2’, etc. Others not so marked are believed 
to be new. 


* Presented to the Society December 31, 1912. 

+ Geometrie der Dynamen, Leipzig, 1903. 

t See, e. g., the author’s Non-Euclidean Geometry, Oxford, 1909. 
Trans. Am. Math. Soc. 10 149 
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$1. The Angles of Cireles. 


We shall take as our domain what may be called a perfect pentaspherical 
continuum, i. e., a set of objects called points in one-to-one correspondence 
with all sets of values of five non-simultaneously vanishing coérdinates * 


connected by the identical relation 
0...4 
(1) =(ar)= 


A sphere (y) will be given by a relation 

0...4 
(2) > yi x; = (yx) = 0; 

i 

and we regard the coefficients yo. --- y, as the codrdinates of this sphere. 
When (7) satisfies the fundamental identity (1) the sphere is said to be null, 
and the point (y) is called its verter. We thus use the same notation for 
point and sphere coérdinates, the point being considered merely as the vertex 
of a null sphere. The angle of two not null spheres (2) and (y) will be 


(vy) 
V (xx) V ( yy ) 


@ = cos™ 


Every conformal transformation of our space will be given by an orthogonal 
substitution in our coérdinates (2) 

Suppose that we have four spheres (.7) (y) (2’) (y’). The coérdinates 
of their common orthogonal spheres are given by the four-rowed deter- 
minants pr, = | 2; Yk 2: Ym |. This is indeterminate when, and only when, 
the four spheres are linearly dependent. Assuming that no two of them 
are identical, this means that some sphere through the circle determined by 
(2) (y) is also a sphere through a circle of (x’) (y’). 

THEOREM 1’: The necessary and sufficient condition that two circles should 
have more than one common orthogonal sphere is that they should be cospherical. 

THEOREM 2’: If a circle be cospherical with each of two others which are not 
cospherical with one another, it is orthogonal to their common orthogonal sphere. 

This second theorem comes at once from the fact that if two spheres be 
orthogonal to a third, so is their circle of intersection. 

Through each not null circle will pass two distinct null spheres. Their 
vertices are called the foci of the circle and serve to determine it; the circle 
is the locus of points of intersection of isotropic lines through the foci. Every 


* The earliest systematic treatment of pentaspherical coérdinates was that of DarBoux, 
Sur une classe remarquable de courbes et de surfaces, 1873. 
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sphere through the foci of a not null circle cuts it orthogonally, every sphere 
orthogonal to such a circle passes through its foci. If two circles be so related 
that the first lies on a sphere through the foci of the second, then a sphere 
through the second and one focus of the first is orthogonal to the given sphere, 
and so contains the second focus of the first: 

TuEorREM 3’: If two circles be so related that one is orthogonal to a sphere 
through the other, then the second is orthogonal to a sphere through the first. 

Two such circles are said to be in involution. 

TuHEorEM 4’: The necessary and sufficient condition that two cospherical circles 
should be in involution is that they should intersect orthogonally. 

The proof given above for theorem 3’ holds when one circle lies on more 
than one sphere orthogonal to the other, i. e., when it contains the foci of 
the latter. 

TueoreM 5’: If two circles be so related that two spheres through one are ortho- 
gonal to the other, then every sphere through either circle is orthogonal to the other 
circle and the foci of each lie on the other. 

Two distinct circles which bear the relation of the last theorem are said to 
be in bi-involution.* The figure which they form shall be called a proper 
cross. If a circle be null, consisting of two distinct isotropic lines, any circle 
orthogonal to the pencil of tangent spheres through the null circle wil! be 
in bi-involution with the null circle; together they shall be said to form an 
improper cross of the first sort. If a null circle consist of two identical iso- 
tropic lines, every sphere through it is null; it will be in bi-involution with 
itself, and be said to form an improper cross of the second sort. The following 
theorem is immediate. 

THEOREM 6: There is a single circle in bi-involution with a given circle and 
orthogonal to any given not null sphere which is orthogonal to the given circle. 

THEOREM 7’: The necessary and sufficient condition that two cospherical not 
null circles should intersect orthogonally is that they should be in involution. 

THEOREM 8: A circle cospherical with both circles of a proper cross cuts them 
both orthogonally. 

This is an immediate result of 2’ and the definition of circles in bi-involution. 
We proceed to investigate how many circles there are, cospherical and orthogonal 
to each of two given not null circles. Let the first be given by its foci (x) (y) 
while the second has foci (2’) (y’). A circle cospherical and orthogonal to 
both shall be determined by the spheres \ (x) + u(y), (2’) + (y’). 
Since mutually perpendicular spheres are harmonically separated by the 
null spheres whose vertices are their foci, our two spheres above are orthogonal 


* The term “ involution” and “ bi-involution ” are taken from an admirable article by 
Koenies, Contributions a la théorie du cercle dans V'espace,’ Annales dela Faculté 


des Sciences de Toulouse, vol. 2, 1888. 
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(2’) — (y’). We thus get the equations 
AN’ — Cyy’) = Aw’ — wr’ = 0. 
Eliminating : yu’, we have 
(ay!) — (yr’) = 0. 
The discriminant of this equation is 
4 ( az’) (yy’) (ry’) 


TuHEoREM 9: Two not null and non-cospherical circles are cospherical and 


orthogonal to two circles of a proper cross, and to no others when, and only when, 


no focus of one lies on an isotropic with a focus of the other. 
Let us consider these equations in more detail. If 


(xx’)=0, (yy!) (ay’) #0. 
The isotropic (x) (2’) is the only circle fulfilling the conditions. If 
= (yz’) = 0,7 p’ =0. 


Here one circle passes through one focus of the other, and there are 2! null 
circles fulfilling the conditions. If 


(xa’) = (yy’) = 0, 


each focus of one is on an isotropic with one focus of the other, and the two 
circles meet two common generators of their common orthogonal sphere. 
These two generators must belong to the same system, as otherwise the circles 
would be tangent and cospherical; the circles are said in this case to be para- 
tactic.* They are invariant under a one parameter continuous group of 
spherical transformations which leave invariant these two isotropic lines, 
as well as all those of the other system on the common orthogonal sphere. 
Paratactic circles will exist even in the limiting case where this sphere is null, 
as we see by inverting two paratactic lines of non-euclidean space. If 

(aa’) = (yy’) = (ya’) = 0, (ay’) +0, 
we have a case essentially like the last but one. If 

(xx’) = (2y’) = (ya’) = (yy’) = 0. 

The circles are in bi-involution and have ©? common cospherical and orthogonal 
circles. 


* The concept of paratactic circles appears to be new, although coming directly from that 
of paratactic or Clifford parallel lines of non-euclidean space. In fact the whole question 
of circles cospherical with and orthogonal to two given circles seems never to have been ade- 
quately discussed. 
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THEOREM 10: The necessary and sufficient condition that two circles should 
have but one common cospherical and orthogonal circle is that they should be non- 
cospherical, and that a single focus of one should be on an isotropic with a single 
focus of the other. 

THEOREM 11: The necessary and sufficient condition that two circles not null 
or cospherical should be cospherical and orthogonal to a singly infinite system 
of circles is that they should be paratactic, in which case these circles are not null, 
or that one focus of the one should be on an isotropic with each focus of the other, 
when the 0 circles are all null. 

THEOREM 12: The necessary and sufficient condition that two not null circles 
should be cospherical and orthogonal to the same two parameter family of circles 
is that they should be in bi-involution. 

Two circles are said to be in general position when the only circles cospherical 
and orthogonal to them are those of a proper cross. We shall define as the 
angles of two circles in general position those formed by the pairs of spheres 
through them, and through the two circles cospherical and orthogonal to 
them. These angles have definite values in the general case, and in the case 
of paratactic circles, otherwise they are null or indeterminate. Reverting 
to our previous notations, we have as expressions for our angles 


| (xar’) (ay’) |? 
(yx’) (yy’) 


(4) cos?6,+ cos? = =, cos? 6; cos? 


(ay)? 


THEOREM 13: The necessary and sufficient condition that two circles should 
be paratactic is that their angles should be equal, but not null or indeterminate. 

Suppose that we have two paratactic circles, and a third circle cospherical 
with both. We assume that the common orthogonal sphere is not null. 
The one parameter continuous group under which the paratactic circles are 
invariant will carry the third circle into a series of circles cospherical with 
the original two. All circles of this series must intersect the same two gener- 
ators of the other system of the common orthogonal sphere, since all of these 
generators are invariant under the group; hence all circles of the series are 
paratactic. They will determine a second one parameter group, and series of 
circles containing, among others, the original two paratactic circles. This 
same configuration will hold even when the sphere is null, as we see by con- 
tinuity, or by inverting the circles into lines. Remembering, lastly, that the 
only surfaces which have a double generation by means of circles, where each 
circle of one generation is cospherical with each of the other, are cyclides, 
we have 

THEOREM 14: Two paratactic circles belong to a singly infinite system of 
cyclides each having two conjugate generations made up of paratactic circles. 


(xy) (a’ y’) 
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§ 2. Cireles Orthogonal to One Sphere.* 

Let us next turn our attention particularly to those circles which are all 
orthogonal to one not null sphere; those orthogonal to a null sphere are ob- 
tained by inversion from straight lines. We may freely assume that the fun- 
damental sphere is 7; = 0. We determine each circle of the system then by 


its six Pliicker codrdinates 
PPoi = Yi — Vi Yos PPik = Yj (j7#0,k+0). 


It is clear that these coérdinates, being supposed homogeneous, are unaltered 
if (x) and (y) be replaced by any two of their linear combinations so that 
our coérdinates depend upon the circle and not on the two particular spheres 
through it. Two circles of our system will be cospherical when they have a 
common orthogonal sphere other than the fundamental one; the necessary and 
sufficient condition for this is 

(5) Por + Por + Pos + P23 Yor + Psi Yor + Pre Gos = (p/q) = O. 
We have also the fundamental identity 

(6) (p/p) =0. 

Conversely we prove exactly as in the Pliicker line geometry that every set 
of homogeneous coérdinates which satisfy this last identity will correspond to 
a single circle orthogonal ‘> our fundamental sphere. 

There is a perfect one-w-one correspondence between the circles orthogonal to a 
not null sphere and the lines of projective space; cospherical circles corresponding 
to intersecting lines. A sphere orthogonal to the fundamental sphere will cor- 
respond to a point, a pair of points mutually inverse in the fundamental sphere 
will correspond to a plane. A pencil of cospherical circles will correspond to a 
pencil of lines, a cyclide anallagmatic in the fundamental sphere will correspond 
to a quadric. 

When the fundamental sphere is not a plane, and the figures are looked upon 
as in euclidean space, this correspondence may be easily effected by referring 
each circle to its axis, i. e., the line through its center, orthogonal to its plane. 
Two circles (p) and (q) will be in involution if 


If two circles of our system be in involution, each is cospherical with that 
circle which is orthogonal to the fundamental sphere, and in bi-involution 
with the other, and conversely. The circle of our system in bi-involution 


* For an analytic treatment of this topic see the dissertation of Forpes: The Geometry of 
Circles Orthogonal to a Given Sphere, New York, 1904. Synthetically by C. L. E. Moore: 
Circles Orthogonal to One Sphere, Annals of Mathematics, Series 2, vol. 8, 1907. 
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with (p) will thus have the coédrdinates 
(8) Poi = = PPoi- 
The necessary and sufficient condition that two circles of our system should be 
cospherical and orthogonal is 
(p/q) = qi = 0. 
The only circles in involution with themselves are null circles; the condition 


here is 
= 0. 


The fundamental invariant of two not null circles is the product of the cosines 
of their angles;* this, by (4), has the value 

= 


(9) I (pq) = cos 6; cos = — 


The necessary condition that two circles should be paratactic is 


9 9 { 9 2 2 ) 
(10) {{(p q) + — } il (p/¢) — — pi; = 0- 


A system of circles orthogonal to our fundamental sphere and satisfying an 
equation of the type 
(11) Lai; pis = O 


is called a “ linear complex.” If 
(a/a) =0 


the complex is special, and is composed of the assemblage of all circles cospher- 
ical with a given circle, if not we have a rather more complicated system. 
The circles orthogonal to our fundamental sphere, and in bi-involution with 
those of our complex (11) belong to a second linear complex, whose equation is 


(12) (a /p) =0. 
The congruence of circles common to these two (in the general case where 
equations (11) and (12) are not equivalent to one another) are all cospherical 
with the two circles 

+ 


(x + (a/a) + WuEaz, = 0. 


Our linear complex shall be said to be general when these two are distinct. 
We call them (a) and (a’) and note that they are in bi-involution, since 


* This invariant is due to Koentas, loc. cit., p. 79, i. e., he gives the same analytic form, 
but a different interpretation. A neat interpretation as the cosine of a single angle has recently 
been found by Mr. David Barrow of Harvard University. 
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equations (11) and (12) are merely interchanged when each Pliicker coédrdi- 
nate is replaced by its complementary. We also see that we may write 


dai; + Maki, Qy = + Ma;;, 


I (a’p) _ p) + pis 
I (ap) Lai 


If, therefore, (p) be a line of our linear complex, we have 


I (a’ p) Lai; + V( Dai; r—(a/a 


T(ap) ~ (a /a) 

THEOREM 15: The general linear complex of circles orthogonal to a not null 
sphere is composed of all circles whose fundamental invariants with the two circles 
of a proper cross orthogonal to the sphere bear to one another a fixed ratio whose 
square is not unity and, conversely, every such assemblage is a linear complex. 

The circles (a) and (a’) are called the azial circles of the complex, our 
theorem will hold even when the fundamental sphere is null, as we see by 
continuity, or by inversion from the non-euclidean line geometry.* 

We shall confine our discussion in the present section to the general linear 
complex and not enter into any special case except the following. If 


Aoi = pajx, = pao, 
and if we put 
qis = (4 — 2 (Zaiz Giz) ai; , 
where (q) is any circle orthogonal to the fundamental sphere, but not be- 
longing to our complex, then 


2 
(a /a) = Xai,, = (a /a)*?Xqi;, 


I(q'/p) _ 
I(q/p) 
If we choose our coérdinate system so that the axial circles are 7p = x; = 0; 
x2 = x3 = 0 our complex becomes 
Por + 423 
If a general linear complex be given, the axial circles are given, the converse 
is not true. We may, in fact, replace our complex (a) by (a’), where 
dai; + Maki. 


The equations to determine the axial circles are replaced by simple linear 
combinations of themselves, and the axial cross is as before. We are thus led 


*See the author: The Metrical Aspect of the Line-Sphere Transformation, these Trans - 
actions, vol. 12, 1911. 


1913] STUDY OF THE CIRCLE CROSS 


to a simple set of coérdinates for this cross * 


doi t+ = pXi, doi — = 


If a general linear complex be given, the triads of separately homogeneous 
coérdinates are immediately found, and it is easily seen that they are merely 
affected by constant multipliers if the complex be replaced by another with 
the same axial circles. Conversely, when we have the two sets of separately 
homogeneous coérdinates (XY ) (X) with the limitation 


=Xi) (2X7) +0, 
the linear complex 
2a9 = Xi + CF 2ajx = X;- Xx; 


will be a general complex, whose axial cross has the coérdinate values (X ) (3). 
THEOREM 16: The assemblage of all proper crosses orthogonal to a not null 
sphere may be put into one to one correspondence with the assemblage of all pairs 
of points of two projective planes not lying on two specified conics, one in each plane. 
We may, with a little ingenuity, extend our correspondence so as to include 
points of these exiled conics, we shall not however pause to do so here. If 
two circles have the codrdinates (a) and (b), we shall find 
V 5a}; V Lai; V 
DXi DX; X; 
VEN Vsx" cos (0; 6) = sx? 


sin 6; sin @ = — 
Vv 


cos (0; = 62 ) = 


The condition that two proper circles shall be cospherical, or that each should 
be cospherical with the circle of our system in bi-involution with the other is 


DXiX; 
3X; VEXIVEN: 
Two circles orthogonal to our fundamental sphere are cospherical and or- 


thogonal if 
(13) = TX; X; = 0. 


It will be convenient to say in the present case that the two crosses intersect 
orthogonally. The necessary conditions for parataxy become 
X; X,X; 


= See the author’s Non-Euclidean Geometry, cit. Ch. XII. The developments of the present 
section follow so closely those previously established that we give them here in all brevity. 
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The necessary and sufficient conditions are thus 
X; or 0X; = X;. 
The simplest one parameter families of circle crosses are those whose co- 
érdinates are linearly dependent upon those of two fixed crosses, 
(14) X;=XAYi+ X;= AY; + 
These are the axial complexes of the pencil of linear complexes 
ais = + 
These families fall under one of two decidedly different types. 
(a) py; = 7;, oY; Z;. 
Here all circles of the series are paratactic. Let us determine (X’) from the 
equations 
= 2X; 2; = 0, 
then 
DX, X:=0. 
On the other hand if (’) merely satisfy the equations 


>Y,X,=0 


the crosses (.Y’) (.Y’) generate a similar system, and every cross (X) (X ) 
cuts every cross (’) (’) orthogonally. The circles of our series generate 


a cyclide. 
epY:#Z;, Z;, 


All crosses of our series cut one fixed cross orthogonally. The surface so 
generated, even in degenerate cases, shall be a called a pseudo-cylindroid.* 
It has one general and very fundamental property. Suppose that we have 
an analytic congruence of circles orthogonal to our fundamental sphere 


X;=X,;(uv), X,=X, (ur). 


Let us further assume 


AN 
A Ou Ov A Ou ov + 0. 


This means that our circles can not all be assembled into one parameter 
families of paratactic circles. We mean by a citcle in general position in 
our congruence one whose coérdinates will not make the left sides of the above 


* From the analogous figure in line-geometry, the euclidean or non-euclidean cylindroid. 
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expressions vanish. We have 

TuHeorEM 17: If an analytic congruence of circles be given orthogonal to one 
sphere, whose members can not be all assembled into one parameter paratactic 
families, and if a circle be taken in general position in such a congruence, then 
the circles cospherical and orthogonal to this and to the infinitely near circles of 
the congruence will generate a pseudo-cylindroid. 

It is time to hunt for a canonical form for our pseudo-cylindroid. We may 


take for the cross which all cut orthogonally 
(100) (100). 
Two crosses of the series will intersect orthogonally. we have but to solve the 
equations 
AN SV: Viet (Aw! + wd’) SY; Zi + wp’ DZ; Z; 
= + od’) SY, Z; + Z; = 0. 
Eliminating \’:y’, we get a quadratic in A:y; its discriminant is the 


simultaneous invariant of 


when these are written as quadratics in \:4. When our crosses have real 
coérdinates the roots of each of these two quadratic equations are conjugate 
imaginary pairs of values, and two such pairs can not separate one another 
harmonically; hence the simultaneous invariant can not vanish, and there 
are usually two distinct crosses of the series cutting one another orthogonally. 
Taking these for (010) (010) and (001) (001) we may reduce the equa- 
tions of our series to 

pX, =aX,= 0, = BX2, pX3 = yX3 (a, 8,7, const.). 
To find the point equation of the surface let (p) be the Pliicker codrdinates 
of a circle of one of our crosses; 

Pou = = O, 

( poz — psi) (pos + Pi2) ( pos Piz) ( Poo + psi). 

A point (2) will be on this circle if 
Pox + X3 Pos = Xo Por + Piz = 
Eliminating from these equations and the identity (6) we have 
B (Xo X2 + (Xo + + Y — Xo X2) — Xo = O. 


THEOREM 18: The non-degenerate pseudo-cylindroid is a surface of the eighth 


order. 


| 
fg 
| 
| 
= 0, 2X3 = 0, 
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Among congruences of crosses the most interesting is the chain congruence 
which consists of crosses whose coérdinates are linearly dependent on three of 
their number, or the axial crosses of a net of linear complexes. We write 
in this case 
(15) X;= aY¥;+ 6Z;+ cT;, NX; = 62; + cT;. 

Various sub-cases must be noticed. 

(a) YZT| =| YZT| =0. 
Assuming that we have surely a two parameter family of crosses, the first 
minors can not all vanish in either of these determinants. We have the 
congruence of crosses cutting a given cross orthogonally, 
(b) | ¥YZT| =0, | YZT| +0, 
T; = AY; + X;= (ater) ¥; + (b+ cp) Z;. 

If 

p 

=“ = const. 
b + Cu q 


bp aq 
gh — pe’ 


X; = pY¥;+ qZi, qT; a4 pT; |. 


— pe — pp 
The crosses may be grouped into paratactic generations of 2%! cyclides. 
(c) YZT|-| YZT| +0. 
Solving the equations (15) for a, b, ¢, we have 
(16) pX; = 5; a;; X;. 
The crosses intersecting orthogonally pairs of crosses of our congruence will 
generate the conjugate congruence which is of like structure, 
(17) oU; = 5; A; U;. 
The relation between these two congruences is reciprocal, each is made up of 
the crosses intersecting orthogonally pairs of crosses of the other. Let us see 
if we can find any crosses which belong simultaneously to the two conjugate 
congruences. For such an one 

TX; = 5; X;. 
These equations will yield a cubic equation in rt. Let us say that the chain 
congruence is general when this equation has three distinct roots. Each 
root gives a cross common to the two congruences, the common perpendicular 
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to each two of these crosses must be the third. Each two must intersect 
orthogonally. We may then take them as the basis of our codérdinate system, 
namely the crosses 


(100) (100), (010)(010), (001)(001). 
The general chain congruence and its conjugate will then appear in the canonical 
form 
pX;= a; X;, oU; =a; U;, 
(18) 


| 


QA, A; — Ag) (de — a3) 


The condition that two crosses of our conjugate congruences should be 
cospherical or that one should be cospherical with the circle in bi-involution 
with the other is 


Da ViV~, | =0. 


If the first factor vanish, then the cospherical circles cut orthogonally, as do 
their mates. If the second factor vanish, one circle of each cross of the first 
congruence for which 

= prXi 


is cospherical with one circle of each cross of the second congruence for which 
Ui = 


THEOREM 19: The circles of a ge neral chain congruence cos pherical with a 
circle of the conjugate congruence and orthogonal to it generate a pseudo-cylindroid, 
those which are cospherical but not orthogonal to such a circle generate a cyclide; 
the conjugate generation of this cyclide belongs to the conjugate congruence. 

If a cyclide have our fundamental sphere as one of its spheres of inversion, 
it is clear that the circles of either corresponding generation can be rationally 


expressed in the form 
= + 2Z;4+7;. 


THEOREM 20: The circles cospherical and orthogonal to pairs of circles of one 
ge neration of a cyclide generate a chain congruence which includes the conjugate 
generation of the same cyclide. 

Taking the equation of our general chain congruence in the form (16) we 
may assume that the sphere 2) = O bears no special relation to the congruence. 


All circles of this sphere satisfy the relation 


Substituting in (16) we have a cubic in p. 


(). 
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THEOREM 21: Three circles of a general chain congruence lie on an arbitrary 
sphere orthogonal to the fundamental sphere, and three also of the conjugate 
congruence. The triangles formed by the first three circles are polars to those 
formed by the second three. 

Our congruence is made up of pairs of circles in bi-involution. If a circle 
lie on a sphere orthogonal to the fundamental sphere, its mate passes through 
the foci of the circle common to these two spheres. 

TueoreMm 22: Through each pair of points which are mutually inverse with 
regard to the fundamental sphere will pass three circles of a general chain congru- 
ence, and three of the conjugate congruence. Each circle of one triad cuts two of 
the other orthogonally. 

$3. Circles in Space. 

We may determine a circle in general position in pentaspherical space by 
Pliicker coérdinates exactly as we did in the special case when it was orthogonal 
to a given sphere, albeit the formule are somewhat more complicated in the 
general case. If our circle be given by the spheres (2) and (y), we shall 
write 
(19) 

Of these-coérdinates there are ten which are essentially distinct, and when we 
use the summation sign we shall mean to cover ten only. For some purposes 
it is better to let both 7 and j take any one of the five values, writing the ad- 
ditional equations 

(20) = — Pi, 

It is evident that as the assemblage of all circles depends upon but six param- 
eters the Pliicker coérdinates must be connected by certain identical rela- 
tions, and this is the case, for there are five fundamental identities, which 


we write at length, largely to establish a convention of sign. 
= Pi2 P34 + Pi3 P42 + Pis P23 = 
Por Psa + Pos Paz + Pos Pros = 
Por Psa + Pos Par + Pos = 
= Poi Ps + Pos P21 + Poe Pisa = 
= Por + Por Pai + Pos Pr = O. 


The polarized form for Q;(pp) shall be written Q;(pq).* It is clear that 
these identities can not all be independent as then we should have but 2* 
circles. In fact if (p) be any system of homogeneous values satisfying 


* The credit for introducing these coérdinates for a circle seems to be due to STEPHANOS. 
See his note Sur une configuration remarquable de quinze cercles dans Vespace, Comptes 
Rendus, Vol. 93 (1882). 
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merely (20) we shall have 


(22) > Pin Qa (pp) = (). 


If pi; + 0, every set of values which satisfy 


(pp) = ( pp) = pp) = 9 
will also satisfy 
Q; (pp) = Q) (pp) = 0. 


Every circle will thus have ten homogeneous and distinct coérdinates satis- 
fying our equations (21). Conversely if any set of homogeneous values, not 
all zero be given which satisfy (20) and (21), they will be the Pliicker 
coérdinates of just one circle. The proof is straightforward, and perfectly 
well known.* 

It is occasionally advantageous to determine a circle, not by two spheres 
through it, but by three spheres to which it is orthogonal. Let these be the 
spheres (r) (s) (t). If (wv) and (+) be arbitrary spheres, we may imagine 
that our circle lies on the spheres (2) and (y), where 

substituting in (19), we get by a well-known theorem in determinants 
The condition that the two circles (p) and (q) be in involution is easily 


found to be 
(24) ii = O. 


We get from the invariant equation (9), 


Vii 


(25) I(p,q) = 
Two circles will be cospherical if 

(26) Q; (pq) = 0. 

The common orthogonal sphere to two non-cospherical circles (p) and (q) is 
(27) pr; = 2; (pq). 

Two spheres will have a common point if this sphere be null, i. e., if 


(28) rN (pq) = O. 


If (x) and (y) be the foci of (p), and (¢) be in bi-involution therewith, we may 


* See, e. g., Kornias, loc. cit. 
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write 


| 
= | Ye Yt 


[te tr tm 
The condition that two circles be in bi-involution is thus 
(29) Zn Pin Gin = 0. 
The necessary condition that two circles be paratactic is 


Spi, + (2p; — (pq)? = 4 )? 
We see, in fact, that this is an invariant condition for all quinary orthogonal 
substitutions, and it reduces to (11) when the common orthogonal sphere is 
ry = 0. 

A five parameter family of circles shall be called a hypercomplex. The 
simplest type of hypercomplex is the linear one, given by an equation of the 
form 
(30) Sai; pij = O. 

As the sphere ., = 0 may be supposed to bear no special relation to this hyper- 
complex, we have 


THEOREM 23’. The circles of a linear hypercomplex orthogonal to an arbitrary 
sphere generate a linear comple. 
THEOREM 24’. The assemblage of all circles in involution with a given circle is 
a linear hypercomplex. 
The condition that our hypercomplex (30) should be of this latter type is 
manifestly 
Q; (aa) =0. 


Let us now suppose that this condition is not fulfilled. Our hypercomplex 
will have two fundamental invariants of Koenigs which we write 


Lai, = I, (aa) = J. 
If (30) be rewritten in the form 
Lai; yj; — yi) = 0 
then if (y) be considered known, the sphere (x) will be orthogonal to the sphere 
2; = in Yn- 
It will be found immediately that 
22zn QD, (aa) = (yz) = O. 


The circles of the hypercomplex on an arbitrary sphere are orthogonal to its 
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intersection with a sphere which is orthogonal to it and to a fixed sphere 
r; = Q; (aa). 


This latter is called the central sphere of the hypercomplex. We notice that 
(z) disappears when (y) takes the value 2 (aa) so that all circles of the 


central sphere belong to the hypercomplex. If J + 0 we may take as the 
central sphere of the hypercomplex 2, = 0. We have then 


ay=0. 
The equation of the hypercomplex becomes then identical with (11); we may 


find (a) and (a’ ) as in the last section, and we have the fundamental equations 


(a/a) VJ 

We define as general any linear hypercomplex for which 

J(P-J) 

THEOREM 25: The general linear hypercomplex consists in the assemblage of all 
circles whose fundamental invariants with the two circles of a proper cross bear 
to one another a fixed ratio whose square is not unity. The common orthogonal 
sphere to the two circles of the cross is the central sphere of the hypercomplex.* 

We find for our general linear hypercomplex the canonical form 

j 
(32 [I+ vl? — J] poi + VJ pos = 0. 


Let us establish this fundamental theorem in another way, without altering 
the coérdinate system to fit the given hypercomplex. Assuming always that 
our hypercomplex is general we introduce some new symbols as follows: 


(33) Aj; = QE (aa) dim + (aa) + Qn (aa) 
We easily reach the following identities with the aid of (22): 
(34) Q; (aA) = 10; (aa), 0; (AA) = JQ; (aa), 


2a;; Aj; = 
If, then, we write 


Q; (aa) = (2? + 221 + J) Q; (aa). 
Let x; and x2 be the roots of the equation 


(55) 2+ 2277+J=0. 


* This fundamental property appears to have escaped the notice of previous writers dealing 
with the linear hypercomplex. 
Trans Am. Math. Soc. 11 
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We have two circles 
aij = + Ai, = aij + Ay 
Ya?, = 2x, (J — I?) = 2x, (J — 
For a circle of our given hypercomplex we shall have 
IT(a'p) Wa 


> ain 2, (aa) = Ain Q, (aa ) 
n n 
= (dim + Ami) Q; 
jk 


(31) 


Notice also that 


= 0); 


the two circles (a) (a@’) are orthogonal to the central sphere. We have also 
Sena. = 0. 
n 


This shows that they are in bi-involution. Our theorem is established again. 
We shall call these the axial circles, or circles of the axial cross of the hyper- 
complex. We may find 0! other linear hypercomplexes with the same axial 
cross; we have but to write 


I 
(aa), 
J ) 


I 


I 
= 2pq VJ + + 


The two circles whose coérdinates are linear combinations of a;; and A,;; 
may be expressed equally well by means of a linear combination of a;, and 4;,. 


Aj; 6 A;;6 
(ay+ = (rt 08) : ), 
VJ 


1. 
If, then, we introduce the complex variable 
(a+ y6), 


we may thus take the expressions 


Ay 8 
(a, ) 


[April 
, 4 
ai; = pa, 
pai; VJ 
\ 
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as homogeneous complex coérdinates of our cross, for if we multiply them by 
any complex multiplier of the present type, the linear hypercomplex is replaced 
by another with the same axial cross. Conversely if a proper cross be given, 
there are 0! linear hypercomplexes having it as axial cross (we have but to 
consider the case where the orthogonal sphere is 2, = 0) and we may find for 
it a set of homogeneous complex coérdinates of the present type. The only 
drawback to these coédrdinates is that (a) and (1) are not independent vari- 
ables. 

We must now see what becomes of the axial cross of our linear hypercomplex 
when the latter takes certain special forms. Let us first multiply our complex 


coérdinates by VJ, we get VJaj;; + 6. Assuming then that 


The central sphere is null, equation (35) has one root « = 0 giving the circle 
(.4) which by (34) is null; the other circle of the cross is 


, 
aij + Ay; 


and not null; we have an improper cross of the first sort. Suppose next 


The two members of our cross fall together, so that we have an improper 
cross of the second sort imbedded in the central sphere, which is null if J = 0. 
Suppose thirdly that 
A;; = pai;, 2; (aa) 0. 


The equation to determine the axial cross becomes entirely illusory, we have 
exactly what we had before in the indeterminate case of the linear complex. 
When 


Q; (aa) = 0, 
the hypercomplex consists of circles in involution with a given circle and the 


axial cross has disappeared. 
Two proper crosses will have a complex invariant which we may write 


z( Ajj >) ( + 
0 


We find the interpretation thereof in terms of the circles of the crosses as 
follows. We may replace our hypercomplexes by such other hypercomplexes 


H= 
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with the same axial crosses that these first invariants J and I’ are zero. 
Aj; 
VJ 
Bi 


Ai; ; 
= + = — 


= 1b;; — 


I (a8) — I (a’ B’) 


I (aB’) — I (a’B) 


H = 3 { [I (a8) — I (a’ B’)] + [I — I(a’B)) 5}. 

The strict truth is that we may so choose between the two circles of each 
cross that this last equation shall be fulfilled. 

We pass now to a discussion of the axial crosses of the simplest one and two 
parameter families of linear hypercomplexes. The following theorem becomes 
evident when we remember that the central sphere of a linear hypercomplex is 
x, = 0 when, and only when a, = 0. 

THEOREM 26: If two general linear hypercomplexes have the same central 
sphere, then this is the central sphere of every linear hypercomplex of the pencil 
linearly dependent on them. The hypercomplexes of the pencil will either all 
have the same axial crosses, or else these crosses will generate a cyclide or pseudo- 
cylindroid. 

The general case of a pencil of linear hypercomplexes is incredibly harder 
to handle. Let us write 
(36) Ci = + 

Q; (aa) pQ; (bb), 
Q; (cc) = YQ; (aa) + 2yQ; (ab) + Q; (bb). 


The central spheres will all pass through two points while their centers (in 
euclidean space) will generate a conic. The spheres will thus generate a two- 
horn cyclide. We have the further equations 
Lei; = I+ 2yLai; pi; + I’, 
(cc) = + TQ; (aa) Q; (ab) + 2y? (ab) + TQ; (aa) Q; (bb) 
+ 4yZQ; (ab) Q; (bb) + J’. 


Lai, = — 
2B, = — 
Bj; A; 
p> 4 bi; 
VJ 
NJ 
A; B, 
VJ wv 
VJ 
i 
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If (vy) be an axial circle 
Vij = Wij + Ci; 


x must be the solution of an equation like (35), namely 


xv? + 2e[y? + 2yda;; I’) + ytd + DQ; (aa) Q; (ab) 
(37) 
+ 2y?[ 220; (ab)? + (aa) Q; (ab) + 4yZQ; (ab) Q;(bb) + J’ = 0. 


Each axial circle of our series will correspond to a pair of values of x and 
y satisfying these equations, each such pair of values will give one of our 
circles. The two values of x corresponding to the same value of y will give 
the two circles of a cross. If 
)° + zai; 


which we may assume to be the case, we may take 


for J will vanish for two hypercomplexes of the pencil. Our equation then takes 


the form 


(38) (x+ ly)? =f (y). 


THrorEM 27: If two general linear hypercomplexes do not have the same central 


sphere the axial circles of a pencil of such hypercomplexes linearly dependent on 
them will generate, in general, an elliptic series of circles. 

If y,; belong to an arbitrary linear hypercomplex 

285; Vij = O 
we have an equation of the type 
(ayt+ b)x+ (y) =0. 

Eliminating 2 we get a sextic in y; each y will correspond to but one x. 

THEOREM 28: Six circles of the series will belong to an arbitrary linear hyper- 
complex. 

Let us find the order of the surface swept out by the circles. If (z) be a 
point on one of our circles 


Dd Vinzn = Vinz, = 0 
These will yield two equations 
(ay+ =0, (y) = 


The elimination of x and y between these two and (38) is equivalent to elimina- 
ting x y from 
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These yield the equations 
(3) 12 (3) 

(ay +b)? (y) = [eo f, — ytd’) =0. 

If these latter be satisfied; so are the original three, or else 
a 
(ay +b) = =0. 

The resultant of a quartic and a sextic in (y) whose coefficients are quadratic 
in (z) will be an equation of the twentieth degree in (z). This will contain 
the resultant of a linear and a cubic equation, which is of the fourth degree 
in (z), as a quadratic factor. We must therefore split off from our expres- 
sion of the twentieth degree one of the eighth degree. 

TneoreM 29: If two linear hypercomplexes have different central spheres, 
the axial circles of the pencil of linear hypercomplexes linearly dependent on them 
will generate a surface of the twenty-fourth order. : 

We pass now to the general net of linear hypercomplexes, i. e., those linearly 
dependent on three whereof no two have the same central sphere. Here we 
have 

dj; = ya; + + 
6;; = ad;; + Dj, 
x? + fy? Sai; + 2? + QyzTai; bi; + + + Tei; ] 
+ (yz) = 0. 
We may, in general, assume that 
Lai; = = bi; = (0. 
Our equation takes the reduced form, in homogeneous coérdinates 
(39) (a+ ly+mzyrl +f (yet) = 0. 
This may be linearly transferred to 
2 4/2 2 92 
— (ay + by’ t+ ct P+ 2’ fF (y'2t) =0. 
The circles of our axial congruence are in one-to-one correspondence with the 
points of a quartic surface which has no singularity except the extremity of 
one axis. The really significant feature of this surface is that it is rational and 
can be carried over into a cubic surface by a quadratic Cremona transforma- 


tion.* 


pX t+ + byt ox = XZ—(a¥?+bYT +c"), 


pY =y'2’, oy’ = YT, 
pZ = 2", oz’ = ZT, 
pT =2't, ot’ = T’. 


* Cf. Cremona: Sopra un certo superficie di quart’ordine, Collectanea Matematica, Naples, 
1881. 
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Here it it must be remembered that y’ 2’ ?¢’ are linear and homogeneous in 
our original yzt. The cubic surface may be expressed parametrically by 
putting X YZT as functions quadratic in each of two independent variables 


uv. Hence for our quartic 

z= f'(ur), y = off (ur), (uv), f= ofS (ur). 
Now d,; is linear and homogeneous in yzt, and the common factor ¢ may be 
struck therefrom, we thus get for the circles of our congruence the parametric 
expressions 

= fi (uv) (ur) + (uw). 

It must be remembered that here the superscript indicates the degree in u and 
v separately, not the total degree. 

THEOREM 32: If no two linear hypercomplexes of a net have the same central 
sphere the coérdinates of their axial circles may be expressed as rational functions 
of two independent variables each entering to the sixth order; seventy-two of these 
circles will belong to two arbitrary linear hypercomplexes. 

We find the focal surface of the congruence as follows. A sphere (2) will 
be orthogonal to a circle (6) if 


8; +0. 


We may for an arbitrary (z) surely choose i and j so that these three con- 
ditions are satisfied. The equation which we desire is obtained by equating 
to zero the tact-invariant of these looked upon as two curves in the wv plane. 
The order of this in the coefficients of one of the curves is the number of free 
intersections of this curve with the Jacobian of the two given curves and a 
third of the same structure.* Each of our curves is of the twelfth order with 
a sextuple point at the end of each axis. The Jacobian is of the thirty-third 
order, but contains u and v only to the seventeenth order; it has therefore a 
point of the sixteenth order at the extremity of each axis. The Jacobian inter- 
sects each curve three hundred ninety-six times, but one hundred ninety-two 
intersections are at the ends of the axes; there remain two hundred four free 
intersections; this is therefore the order of the tact invariant in the coefficients 
of each curve, or one half of its order in (z). 

THEOREM 33: The axial circles of a general net of linear hypercomplexes 
envelop a surface of the order eight hundred sixteen. 

There is more satisfaction in finding the order of such a surface than in 
seeking its equation. 

The general cubic surface contains twenty-seven straight lines, and these 
transform into parabolas of the quartic surface. The plane of each of these 
parabolas will meet the quartic in a second parabola with a parallel axis. 
There was one parabola common to all the homaloidal paraboloids of the 

* Cf. SALMON, Higher Plane Curves, third ed., p. 81. 
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Cremona transformation, and another in its plane. Beyond these fifty-six 

there are no parabolas on the quartic.* Each of these may be expressed in 

the form 

z= (3s), y = (as+ b) +h), z= (ast+ b) (asthe), 
t = (as b) (a3 8 bz ) 


We see that d;; is linear, and 6,; cubic in s. 
THEOREM 34: The congruence contains fifty-six surfaces of the twelfth order. 


$4. An Involutory Circle Transformation. 


If two non-cospherical circles (p) and (q) be given, there will be just one 
circle orthogonal to their common orthogonal sphere, and in bi-involution 
with (p). The codrdinates of this sphere are Q; ( pq) ; we wish for the circle 
orthogonal to this and to the two null spheres (2) and (y) whose vertices 
are the foci of (p). The circle required will thus, by (23), have the Pliicker 


coordinates 
Uk 
Py = | Ym |» 
Q Q Qn 
(40) = Pim (pq) Pmk Q, (pq) + Pri 2. (pq). 


If a fundamental circle (q) be given, then each circle (p) not cospherical 
with it will correspond in an involutory way to a circle (P), the relation 
between the two being that they are in bi-involution, and their common or- 
thogonal sphere is orthogonal to (q). Another way of stating this is to say 
that ( P) is the circle through the foci of (p) orthogonal to the sphere through 
those foci and the foci of the fundamental circle. The relation of (p) to (P) 
is involutory. The most striking feature about this transformation, however, 
is that it does not carry cospherical circles into cospherical circles.+ We find 


in fact 
0 vj vj Uk Xm 
0 Yi Yj Yk Yl Ym 
x. 2; 0 
( PP’) = 
Ym Yi Yj Ye Yi 0 
0 pq) Qn (pq) 


Qn (p’q) Q2:¢p'¢) 0 


* Cremona, loc. cit., p. 418. 

+ Previous writers do not seem to have noticed circle transformations which were not also 
sphere transformations. It is the more remarkable that the first of these to be studied should 
be involutory. 
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Assuming that (p) and (p’) are cospherical so that Q; ( pp’) = 0, we have 
( PP’) = [Qi (pq) Qn (p’ — Qn (pq) 
[ Pik Pai Pei Piz Pak 
+ [Q; (pq) Qe — (pq) (p' Pin — Pmi Pim) - 
This will vanish for all values of m and for all pairs of cospherical circles when 
Q; (pq) = Q: (p'q). 
THEOREM 35: The transformation which carries each circle not cospherical with 
a fundamental circle into the circle in bi-involution with it, and orthogonal to the 
sphere which is orthogonal to it and to the fundamental circle, is single valued and 
involutory, but will in general carry cospherical circles into cospherical circles 
when, and only when, the common sphere is orthogonal to the fundamental circle. 
It will be found also that the properties of involution and bi-involution are 
not invariant under the transformation, neither is it usually a contact trans- 
formation. 
Suppose that (p) traces a pencil of circles including one that is cospherical 
with (q;); we shall have 
Pi; = + 
When no member of the pencil is cospherical with (q) we have 


Pi R;; + 2ru A;; we Bis 


All of these circles are orthogonal to the sphere generated by the pencil. 
There are but three conditions imposed upon a circle orthogonal to this sphere 
to require it to be cospherical with all of the circles of this system. 

THEOREM 36: A pencil of circles containing one member cospherical with the 
fundamental circle is transformed into another such pencil; a pencil of circles 
containing no such member is transformed into one generation of a cyclide anallag- 
matic in the sphere generated by the given pencil. 

It would be pleasant if the circles of the pencil cospherical and orthogonal 
to the first transformed into the conjugate generation of the same cyclide; 
such is not, however, the case. We find the transforms of the circles of a 
sphere which does not contain (q) as follows. Let us take as the sphere 
x, = 0, which we may assume has no special relation to (q); (p) will have 
only those coérdinates which have a subscript 4, P will lack all coérdinates 
with this subscript, so that (P) is orthogonal to that sphere. We find also, 
in the notation of section 2, that (P/q) = 0. 

THEOREM 37: The circles of a sphere not containing the fundamental cirele 
are transformed into the circles orthogonal to that same sphere and cospherical 
with the circle which meets it orthogonally in the same points as the fundamental 


circle. 
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This theorem will hold by continuity even when the sphere is null. If the 
circles on the given sphere be orthogonal to a fixed circle one more linear con- 
dition is imposed on (P). If two conditions of this type be imposed upon 
(P) we have, by (36), one generation of a cyclide, hence 

THEOREM 38: The circles of a sphere which does not contain the fundamental 
circle which cut orthogonally a fixed circle of that sphere will be transformed into 
circles cospherical with two fixed circles orthogonal to that sphere. 

Suppose that we have a system of circles through two points. Their foci 
trace the circle whose foci are these two points, and any two points of this 
circle are foci of a circle through the original two points. 

THEOREM 39: The circles through two fixed points, not on the fundamental 
circle, are transformed into the circles through each pair of points of the cirele 
whose foci are the fixed points, orthogonal in each case to the sphere connecting 
the two required points with the foci of the fundamental circle. 

THEOREM 40: The circles orthogonal to a sphere which does not contain the 
fundamental circle are transformed into the circles through pairs of points of this 
sphere, orthogonal in each case to the sphere connecting the pairs of points with the 
foci of the fundamental circle. 

Let us find the transforms of all circles which are cospherical with a given 
circle (r). Since (p) and (r) are cospherical, their foci are concyclic; 
(p) transforms into the circle through its foci, orthogonal to the sphere con- 
taining them and the foci of (q). If we take an arbitrary sphere through the 
foci of (q), the points thereon concyclic with the foci of (7) are corresponding 
points in the inversion whose fundamental sphere is the sphere through (r) 
orthogonal to the sphere in question. 

THeorEM 41: The circles cospherical with a given circle not cospherical nor in 
bi-involution with the fundamental circle are the circles orthogonal to each sphere 
through the foci of the fundamental circle at pairs of points which are mutually 
inverse in the sphere through the given circle and orthogonal to the sphere in question. 

When (¢) and (r) are cospherical, every circle through the foci of (r) lies 
on a sphere through the foci of (q). 

THEOREM 42: The circles cospherical with a circle which is cospherical with 
the fundamental circle transform into the circles in involution with the given circle 
and with the circle containing the foci of the given and the fundamental circle. 
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PROJECTIVE DIFFERENTIAL GEOMETRY OF DEVELOPABLE 
SURFACES” 


BY 
WILLIAM WELLS DENTON 


$1. The simultaneous solutions of an involutory system of two linear homo- 
geneous partial differential equations of the second order, with two independent 
variables, and a similar equation of the third order. 

Let there be given a system of partial differential equations of the form 


Ayuu + Byuy + Cyov + Dyu + Eyo + Fy = 0, 


(1) 
A’ Yuu + B’ Yur + Yor + D’ Yu + E’ Yo F’y 0, 


where 
oy Py 


Yu Ou’ OW Yur Bude’ 


and where A, B, --- F’ are analytic functions of u and v, such that not all 
of the second order determinants of the matrix 


B C 


(2) 
a 


vanish. 
Differentiation of these equations with respect to u and v gives 
Ayuuu + Byuuvt + * + D) Yuu t (But yur 
+ Cu Yoru + (Dut F) yut Eu yo t+ = 
*+ Ayuuy + Byuvy + + Av Yuu + (Bo + D) 
+ (OC, + E) yout Do yut (Eo t F) yo + Fry = 
A! Youn + B’ + C’ + * + (An + D’) 
+ (But E’) yuo + Ce you + (Dut F’) yut + Fey 
A! + Yurv + Youu $ A’ Yuu + (BL + D’) yur 
+ (CL + E’) yout (EL + F’) y+ Foy = 


so that it is possible to express the third, and indeed all higher derivatives of 


(3) 


* Presented to the Society (Chicago), April 6, 1912. 
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y in the form 


(4) AYuu + + VYow + OYu + + Ly, 


provided the determinant of the coefficients, 


A’ BC’ 


is not identically equal to zero. 

The theory of the invariants and covariants of system (1), in the case that 
K does not vanish identically, forms a basis for the projective differential 
geometry of non-developable surfaces. That theory has been developed by 
Professor WitczyNsk1.* The object of this paper is to give a similar theory 
for developable surfaces.t The writer takes this opportunity to thank 
Professor WiLczyNnskI for personally directing this work. 

We shall consider a system of form (1) for which K is identically equal to 
zero. Since not all of the second order determinants of the matrix (2) vanish, 
all of the third order minors of K cannot be identically equal to zero. There- 
fore, if, in addition to equations (1), any linear homogeneous partial differ- 
ential equation of the third order, 


(5) + Hyuuv + + 
+ A” yuu BY yuo $C” Yoo D” ya t yo t+ = 0, 


independent of equations (3) be given, it will again be possible to express all 
the derivatives of y in the form (4). 

The new system, composed of a system of equations of form (1), for which 
K vanishes identically, and of equation (5), and for which certain integrability 
conditions, to be discussed presently, are satisfied, will be called system (1). 
The theory of the invariants and covariants of this system forms a basis for 
the projective differential geometry of developable surfaces, as will be shown. 

Let y be a solution of system (A), analytic in the vicinity of (uo, vt), so 


that it may be written 
(6) ty wm) (u— uw)’ 


+ (u — Uo) (0 — %) + yor (v — + ---, 


*E. J. Witczynsk1, Projective Differential Geometry of Curved Surfaces. See especially 
Fourth memoir, these Transactions, vol. 10 (1909), p. 76. See also preceding 
memoirs, vol. 8 (1907), p. 233; vol. 9 (1908), p. 79; p. 293. 

+ Unless otherwise stated, the term developable surfaces will be understood to include 


cones. 


As 
0 A £ 
= kK, 
0 
7 
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where y!, ete., are the values of y, yu, for u = uy, t= Since 
all derivatives of y can be expressed uniquely in the form (4), the series (6) 
may be put in the form 


(7) y=Pytyy tyy® + + + 


where y’, y”, --- y® are analytic functions of u — uo, v — to. The number 
of linearly independent analytic solutions of (1) is equal to the number of 
arbitrary constants in the general solution (7). On, account of equations 
(1) not all of the six constants, yy, y’, --- y2», are arbitrary. The following 
system of equations is always equivalent to system (1), 


*+ (AB) yuo + (AC) You + (AD) yu + (AE) wo + (AF) y 
(8S) (BA) yuu + * + (BC) you + (BD) yu + (BE) yo + (BF) y = 
(CA) yuu + (CB) yur + * + (CD) yu + (CE) yo + (CF) y = 0, 


where (AB) = AB’ — A’ B, ete. The following cases may be distinguished. 

I. If the determinants (AB), (BC), (CA) are all different from zero, 
each of the second derivatives of y may be expressed linearly in terms of any 
one of them and y, yu, y»: so that every expression of form (4) may be reduced 


to any one of the following forms 

(9) Yuu + Bi Yu + V1 Yo + Gy, 
(10) + Yu + Yo + boy, 
(11) You Bs Yu + Yo + 


Since K = (CA)? — (AB) (BC) is identically equal to zero, if one of the 
three determinants (AB), (BC), (CA) vanishes, at least one of the others 
must also be equal to zero. We therefore consider the following additional 
possibilities. 

II. If (AB) and ( BC) were identically equal to zero, (CA) would also be 
identically equal to zero, and the above equations (8) would reduce to the 
first order or disappear. Both possibilities have been excluded by the as- 
sumption that the second order determinants of the matrix (2) are not all 
equal to zero. 

III. If (BC) and (CA) are identically equal to zero, while (AB) is dif- 
ferent from zero, every expression of form (4) may be reduced to form (11). 

IV. If (CA) and (AB) are identically equal to zero, while ( BC ) is different 
from zero, every expression of form (4) may be reduced to form (9). 

It is to be noticed that forms (9) and (11) are identical, except for an inter- 
change of the variables u and v, so that cases III and IV may be regarded as 
identical except for the notation. 


| 
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Multiplying equations (3), in order, by the minors of the first, second, third 
and fourth elements in the first column of A, and adding, we find 


(12) AyYuu t+ Bi yur + Di yu t LFiyo t+ Fiy = 0, 
where 


A,+D 
Av 
A,+ D’ 
A, 


A;= 


Let the left member of equation (12) be reduced by means of equations 
(8) to one of the above forms, (9), (10), or (11), so that (12) takes the form 


(13) aw + + + by = 0, 


where w stands for Yuu, Yur, OF You. If all four of the coefficients of the new 


equation are not identically equal to zero, it is possible, by means of this 


equation, to reduce any expression of the chosen form to one involving not 
more than three terms. In this case system (.1) cannot have more than three 
linearly independent analytic solutions. If all of the coefficients of equation 
(13) are identically equal to zero, equations (1) are said to be in involution. 
In this case there is a possibility that the four quantities y, y., y», w remain 
arbitrary, so that system (4) has four and only four linearly independent 
solutions 

It must be noticed, however, that some of the derivatives of y may be 
computed in more than one way; for example 

In order, therefore, that the expressions of form (4) for the derivatives may 
be consistent, certain so-called integrability conditions must be satisfied. They 
are of the form (13). Let there be n independent conditions in the set, from 


which all others may be derived, 
(14) WwW + BE Yu + Yo + ORY = O (k=1,2, +--+, 
The number of linearly independent quantities, w, yu, Yo, y, is reduced by 
at least one for each non-identically satisfied equation of the set (14). But 
if equations (14) are all identically satisfied, that is, if 

an = Be = = & = O (k= 1,2, «++, n), 
all four quantities, w, yu, Yo, y, May remain arbitrary, so that system (A) 
has four linearly independent solutions. 


0 
, ete. 
ev 
| 
| 
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The following theorem may now be stated. (Given a system of partial dif- 
ferential equations of form (A), consisting of a system of form (1), for which K 
is identically equal to zero, and an equation of form (5), not derivable from equa- 
tions (1), all of whose coefficients are analytic functions. (a) If the determinants 
(AB), (BC), (CA) are not all identically equal to zero, (8) if further the equa- 
tions (1) are in involution, (y) if finally the integrability conditions are identically 
satisfied, system (A) has four and only four linearly independent analytic solu- 
tions. If any one of the above conditions (a), (8), (y), is not satisfied, the number 
of linearly independent solutions of system (A) is less than, or exceeds, four. 

To complete the proof of this theorem it suffices to apply well-known ex- 
istence theorems. 


$2. Geometric interpretation. The integrating developable surface. 


If the conditions (a), (8), (y) are satisfied, system (1) has precisely four 
linearly independent analytic solutions. Let these be 


(15) = f™ (u,v) (k= 1, 2,3, 4), 


Interpret y“ as the homogeneous coérdinates of a point y in space. As 
u and v assume all of their values, y describes a surface S, an integral surface 
of the system. This surface cannot degenerate into a curve. For if S de- 
generated in that way, the ratios of y, , , would be functions of a 
single variable t= (u, v), and y®, y, y™®, themselves would be 
solutions of some linear partial differential equations of the first order,* 
and this is contrary to the assumption that the system has four linearly inde- 
pendent solutions. 

The surface S is not unique. The most general system of linearly inde- 
pendent analytic solutions of (A) is 


4 
ni = Ye (i =1, 2,3, 4), 


where the determinant of the constant coefficients ¢,, does not vanish. The 
most general integral surface of (A) is, therefore, a projective transformation 
of any particular one. 

The integral surface is, moreover, a developable. This follows from the 
fact that equations (1) are in involution. Cenversely, it can be shown that 
every developable is an integral surface of an involutory system of form (1). 
A proof of these statements has been given by Professor Wilezynski.t 

Therefore, the theory of a system of partial differential equations of form (A), 
for which the conditions (a), (8B), (y) are all satisfied, is identical with the pro- 
jective differential geometry of developable surfaces in three-dimensional space. 


* Ibid., vol. 8, p. 237. 
Tt Loc. cit., pp. 238-240. 


| 
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$3. First intermediate form. The surface referrred to its generators. 


For present purposes, it will be convenient to take system (A) in the following 


form 

(16) Yuu = AYov + byu + Cyn + dy, 

(17) =U Yvt 
(18) Yorr = a”’ Yor + b” Yu + Yo + d”’ 


which will hereafter be called system (B). It was shown in $1 that system 
(A) can always be reduced to the form (B), except that if (CA) and (AB) 
are identically equal to zero, the variables u and v must be interchanged. The 
theory, therefore, can suffer no essential loss of generality in consequence of 
this choice of the form (3B). 

For system (B), the value of K is a — a”, and this is, of course, assumed 
to be identically equal to zero. ‘ 

Differentiation of equations (16) and (17), with respect to u and v, gives 


(19) Yuuu = Yor Bi yu t + Ory, 
20) Yuur — Yurv = You Bo Yu + Yo + 
(21) Yuuv — Gove = You + Ba Yu + Yo + O3y, 
(22) — @ Your = You Bs Yu Yayo + Oy, 


where a; = a, + ab+ ca’, ete. 


Multiplying equation (20) by a’, (21) by — a’, (22) by a, and adding, we 
find 
(a— a") = (@’ a2 — a’ + Aas) Your + Bz — a’ B3 + Yu 


+ (a’ — a’ ¥3 + Yo + (a’ — a’ 63 + ads) y. 


(23) 


Since equations (16) and (17) are in involution, all of the coefficients in equation 
(23) must be identically equal to zero. 

It will not be necessary to develop the integrability cenditions explicitly 
at the present moment. It is assumed that they are satisfied identically, so 
that system (B) has four and only four linearly independent analytic solutions. 

If a surface is represented by equations of the form (15), a transformation 
of the form 
(24) i=o(u,v), v=y(u,vr), 


will modify at most the parametric curves on the surface but not the surface 
itself. 

Let the transformation (24) be applied to system (B). If the resulting 
system be solved for y., and 7», the new coefficients corresponding to a 


ig 
{i 
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and a’ are found to be 


vi 2a" Yue ays Pu Wu + ad» Vr a’ Pu Vr — 
tage? $2 — 2a’ bu + ag? , 


(25) @= 


which give @ — @” = 0, as they should. The other coefficients of the new 
equations of the second order are fractions with the common denominator 


A= Yo — Vu) (gi — 2a’ du bdo + ag: ); 

for example, 
Ae = Yun t aor + a’ bby + cho) (Gude + bv — 20’ dy Wr) 

— 2(— + (— + a’ Por + + Wr). 
The coefficients of the new equation of the third order, obtained by solving 
the transforms of equations (18), (19), (21), (22) for y..» are fractions with 
the common denominator (¢y — ov 

If w be chosen so as to satisfy the equation 
(27) =a’, 
the numerators of @ and @’ will both vanish. The denominators, 
— 2a’ Pu ov + ag: = (du —a’ gr)’, 
however, cannot vanish; for, if this expression were equal to zero, it would be 
necessary to have 
Pu =a’ =P » OF — = 0, 


contrary to the assumption that ¢ and y are independent functions of u and v. 
If, therefore, the transformation be subjected to the single condition (27), the 
new equations of the second order will be free from the terms in yyy. 

If @ = a@’ = 0, the original system has the desired form without transform- 
ation. Suppose this to be the case, or imagine that a first transformation of 
this character has been made. Then the system to be considered has the 
form 
(28) Yuu = byu + cyo + dy, 


(29) Yu = VW yrteytdy, 
(30) Yoo = Yout byte’ ywtd’y. 


(26) 


This will be called system (C), or the first intermediate form of system (B). 
Equation (23) shows that the two equations of the second order, which 
appear in this system, are always in involution. It is not necessary, therefore, 
from now on, to pay attention to the involutorial conditions. 
Trans. Am. Math, Soc, 12 


| 
| 
| 
| 
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The integrability conditions for this new system require that ¢ be equal to 
zero identically. This is seen at once, by differentiating equation (28) with 
respect to v, (29) with respect to wu, and equating the coefficients of y»» in 
the resulting expressions for Yuu». 

Since ¢ is zero, equation (28) shows that the curves v = const., upon the 
integral surfaces of system (C), are straight lines. The reduction of a system 
of form (A) to form (C) is, therefore, equivalent to the determination of the straight 
line generators of its developable integral surfaces. 


$4. Second intermediate form. The surface referred to its plane sections. 
Equations (25) and (26) show that the form of system (C) is not changed 
by any transformation of the form 
31) i= (u,v), v=y(v), 


where ¢ and y are arbitrary functions of the arguments indicated. Making 

this transformation, and solving the resulting equations for Y»»», we find for 

the new coefficient corresponding to b’’ in the original system, 


(32) = +x), 
where 
x = 6(c" + 2a” b’ — 3b, — 3b”) 
+ ce’ — a’ b — 9b’ + 3b, + 3bb’ — 3c, — 3d’) 
+ 63 (3be’ — Ge” — 3b? — 3b, — 3d) 
+ + 6c’ — 6b) + a” — 12c’ 
+ 96° + 200 + a” + Ou — 002 + a” & 
+ 00, (— 6c’ — 3b) — 3b’ 0, + 3b’ 06, — 9bA 0. + 608, n 
+ 100 6,7 + 2a” + a” 0,9 + + 50 + 0a” 


It is possible, therefore, to make b” = 0, by solving a differential equation 
of the third order for the function ¢, viz., 


(33) +x =0. 


Imagine this to have been done, or that b’’ is already equal to zero. Then 
the system of equations under discussion has the following form, 


(34) Yuu = byu + dy, 
(35) Yur b’ Yu t Yo + 
(36) Youu = 


4 
| 
| 
| 
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which will be called form (D), or the second intermediate form of system (B). 

Equation (36) shows that the curves u = const., upon the integral surfaces 
of system (D), are plane curves. Conversely, if the curves u = const. are 
plane curves, the four linearly independent analytic functions, y™, y®, 
y, y, must satisfy an equation of this form. Therefore, the reduction of 
system (C) to a system of form (D), or the reduction of system (A) to a system which 
contains an equation of form (36), is equivalent to the determination of a one- 
parameter family of plane sections of the integral developable surfaces of the 
original system. 

Whenever the generators and a one parameter family of plane sections of a 
developable are given there may be constructed immediately a system of 
form (D) satisfied by the developable. If, however, a general system of form 
(A) be given, so that the finite equations of its generators and plane sections 
are unknown, their determination with reference to the known elements 
requires the integrations involved in reducing the given system of form (A) 
to the second intermediate form. 


$5. The integrability conditions for a system in the second intermediate 
form. The canonical form. 


It will be necessary to develop explicitly the integrability conditions for 
system (D). These are obtained by putting 


From equations (34), (35), (36), we find by differentiation, 
Yuuv = (by + bb’) yu + (d + be’) yo + (dy + bd’) y, 
Yuru = bb’ + +d’) yt 
Yooou = (ay +’ a") You + (b, + b”) + yu 
+ la" d+ 
= (2c, + d’ + be’ +a" ec’) you + +b)» +B’ (b, yu 
(b+ + (ch +d +b'c’), +d, +0 ly 
+[d'(b. +b") + (di 


Equations (37) ensure unique values for all third and fourth order derivatives. 
That the expressions for all higher order derivatives will also be unique then 
follows directly by differentiation. Since these equations must hold for all 
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values of Yo», Yu, Yo, Y, it is necessary to have, 

b=b.+b'e'+d, 

d+ be’ = +c”, 

bd’ +d,=d.+ed+b'd, 
a, 
a” (b+ + +d" = +6"), +0 (b+ 5"), 
a’ 
—c'(b, +b") =0, 

a” —e'd’ +d. —d (b+ (bd +d,),=0. 


(38) 


The first and fourth of these equations give 
(39) (a” + = (2c’ +b)». 


It is, therefore, possible to find a function p, of u and v, satisfying the following 


conditions, 
(40) Pu = 2c’ + b, Py =a"+d’. 


Transform system (D) by putting 
(41) y=, 


where } is an arbitrary function of u and v. Since the codrdinates are homo- 
geneous, the integral surface of the system will remain unchanged under this 
transformation. The form of the system, moreover, remains unchanged, and 
the coefficients of the new equations are found to be 


= d+ — 

ce’ 

a” = a" — 


s 
I | 


(42) 


The expressions corresponding to p, and p, for the new equations are 


(43) Du = 20° +5 = 2c a" =a"+b'— 4m, 


if 
| 
| 
J 
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so that they may be made to vanish by putting 
(44) y=ry, A=e", 


Let this restriction be placed upon the transformation (41) which has just 

been applied to system (D). Then the new coefficients, which will be denoted 

by German letters, are found, by specializing equations (42), to be 


oe 


= 2a” e’ — 
— — 3e'e., 

where 

4e’ = a’ + 4e = 2c’ + 
and, of course, 

b= — 2’, a” = — J’, 
The new system, which will be called (£), has the canonical form 

(46) Yuu = — 2’ yy + dy, 
(47) = OW yr y, 
(48) = — yo tc’ y. 


Any system of form (A) can be reduced to such a canonical form. The 
integrability conditions for system (EZ) may be found from equations (38). 
They are as follows: 


(49) 
(50) d= ¢, + 3c”, 
(51) dD, = + 3c’d’ + 
(52) + db” = bi, + 46’ + 26%, 
(53) = Cy + 2(b’'c’ +d’), +d’) 
(54) d,’ = + 2 (b’d’), + 267d’ +c” db’ — 
$6. Seminvariants and semi-covariants. 

Let the system of differential equations (D) be transformed by putting 

(41) y= hy, 


where d is an arbitrary function of uandv. The result of the transformation 


185 
D=d+be—e,-—e, a’=a’— 

4 


186 W. W. DENTON: PROJECTIVE DIFFERENTIAL GEOMETRY [April 


is given by equations (42). Those functions of the coefficients of (D), of y, 
and of the derivatives of these quantities, which are left unchanged by every 
such transformation, will be called seminvariants or semi-covariants, according 
as they do not, or do, contain y and its derivatives. It is easily verified that 
each of the coefficients (45) of the canonical form (£) is a seminvariant, also 
that the derivatives of these eight quantities are seminvariants. Every 
seminvariant of (D) is a function of the six quantities D, 6’, ¢’, d’, ¢’’, 0’, and 
of their derivatives. For, in the first place, 6 and a” are expressible in terms 
of ¢’ and 6’ respectively, and, in the second place, every equation of form (D) 
can be reduced to form (£) by a transformation of form (44). But the value 
of any seminvariant of (D) is the same as for any system, e. g. (Z), obtained 
from (D) by a transformation of form (44), and it therefore reduces to a function 
of the coefficients of (£). 

Since all of the derivatives of y may be expressed in terms of the four quan- 
tities ¥, Yu, Yv, Yow, it is necessary to find only such semi-covariants as involve 
these four quantities. 

The transformation gives 


y=nr'y, Yu (yu — 
(55) Yo = — Yoo =N"[ You — Yo 


+ — Aw A) I, 
while equations (43) give 


(56) =e’—z,N'; 
whence may be found the following relative semi-covariants 
(57) Y, 4, ey, 
= Yoo — + —e.)y=ty—e't, 
which satisfy the equations 
y=nd'y, 9=d"q, $=) 16. 
$7. Invariants and covariants. 


Equation (32) shows that form (J) is left unchanged by any transformation 
of the form i= @(u,v), = where y is an arbitrary function 
of v, and ¢ is any function of wu and v, which satisfies the differential equation 
(33). In particular, it will be convenient to make the transformation 


(58) i= ¢(u), 


where @ and y are arbitrary functions of the single arguments indicated. 
It will therefore be assumed that a definite family of plane sections of the 


if 
q 
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integral surface has been chosen, and that this family is to be preserved in the 
transformation. 

The coefficients of the new equations, obtained by applying the trans- 
formation (58) to system (D) are 


b= d= 77d, 
(59) 
where 
n= duu = Yow ¥.". 

Those functions of the seminvariants and their derivatives which are left 
unchanged by a transformation of form (58) are called invariants. The semin- 
variants are all functions of the six quantities D, b’, c’, 0’, c’’, 0’, and their 
derivatives. The effect of the transformation (58) upon these quantities 
must, therefore, be investigated. Equations (45) and (59) give 
(60) 4e = 7), de’ = (4e’ — 3¢), 
and also, 


dD’ = (d’ — — n — 


DY = — — + BES — + Now), 
b, = (b, — + 35, — 


A sum will be said to be isobaric if, in this transformation, each of its terms 
is multiplied by the same product of the form ¢* or y*. Every invariant must 
be isobaric. 

From equations (61), the following relative invariants are found directly 


(62) C’=c’— — 
If D’ is different from zero, the further relative invariants 
may be obtained. In fact, these four quantities satisfy the equations 
The seminvariants (45) of system (D) satisfy the integrability conditions 
of system (£). Equations (50) and (52) together with (62) and (63) show 
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that it is possible to express the six seminvariants 0, b’, c’, 0’, c’, 0”, and 
their derivatives in terms of the four invariants 8’, ©’, D’, ©”, and their de- 
rivatives. Equations (49), (51), (53), (54) show, moreover, that these four 
invariants and their derivatives are not independent. In fact, the first three 
equations give respectively 


“9 


8 D’ — 5 y ‘= 
8 ©, + 4D’ + 438, D 0 
log D’ = 40’ + log — B, 6D’), 3, — — 6D’ +0, 
(64) Ou Ou 


Q 


4B’ (138) — 39€; — 42D’) — 3(138), — — 42D) log D’ 


Ov 
+ 456,’ — 45C;, + 75 Bi, — 72 ©, — 36 D’ — 36 Bi. — 90D; = 0. 


The condition that the expression 3©, — 8), — 6D’ shall not vanish, requires, 
as will be seen, only that the integral surface be not a cone. 
Let it be assumed that ©” is different from zero, and put 


so that 
E= 


Let it also be assumed that ¥8’ and @’ are different from zero, and introduce 
two symbols of operation 


~ du’ ~ av’ 

It is clear that 

U (3’), V (@’), U (€”), V (€), 
are invariants. In fact, they satisfy the following equations, 
V(€) = V (6). 

From any two invariants \ and yp for which \ = ¢7'A, ~ = O72", it is 

always possible to form a new invariant 


Au) = — 
their Wronskian with respect to u, which satisfies the equation 


(i, Au) = 


By repeating and combining the Wronskian process and the operations 
U and JV, an infinite number of invariants can be deduced from 8’, ©’, ©’, 
and ©. It can now be shown that all invariants are functions of those ob- 


| 
| 
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tained in this way. It has been seen that the seminvariants (45) and their 
derivatives may be expressed in terms of B’, ©’, ©’, and D’. It has also 
been seen that all invariants are functions of the seminvariants (45) and their 
derivatives. Therefore any invariant may be expressed as a function of 
B’, ©’, ©”, and derivatives. 

Let the invariants be divided into two classes, of ¢- and y-invariants, 
according as their transforms are multiplied by powers of ¢, or WY» respectively. 
By a process of induction precisely parallel to that employed by Professor 
Wilczynski, for a similar system of invariants,* it can be shown that there are 
n* + 2n + 2 independent (except for equations (54) and (64)) ¢-invariants 
of orders equal to or less than n, and the same number of y-invariants of the 
orders named; moreover, that the invariants may be chosen so as to contain 
all the derivatives of B’, ©’, ©”, ©, up to, and including, those of order n; 
and, finally, that the two classes of ¢-invariants and y-invariants are inde- 
pendent of each other. If equations (54) and (64) are taken into account, 
the number of invariants of orders equal to or less than m must be reduced 
by 3(3n?+ 38n—4). The Wronskian, the U-process, and the V-process 
suffice, therefore, to deduce all invariants from the four fundamental ones 8’, C', 
CG”, ©. The number of independent invariants of order equal to or less than 
nis >(n?+ 5n+ 12), forn>2. For n=1 there are eight independent 
invariants. 


Applying the transformation (58) to the semi-covariants (57), we find 


whence we obtain the following relative covariants, 
(66) R=r—d'y, 
S=8— 4 (46° — y. 
They satisfy the equations 
y=Y; 3) Do, R=y' MN, 
and are clearly independent. All covariants may be expressed in terms of the 
covariants (66) and the invariants. 
$8. Principle of duality. The adjoint system, and its integral curve. 


Given a system of partial differential equations in the second intermediate 
form (D), for which the conditions (a), (8), (y) are satisfied, so that it has 


* Loc. cit., pp. 254, 255. 
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four linearly independent analytic solutions 
y™ = f™ (u,v) (k =1, 2, 3, 4), 


which may be interpreted as the homogeneous coérdinates of a point y of 
a developable surface S. The equation of the plane \, tangent to S at y, is 


so that the codérdinates of \ are proportional to the minors of x;, 2, %3, 24, 
each of which may be represented by an expression of the form 
(68) A= Yus Yols 
which stands for a determinant of the third order of the matrix 
il 
Equation (68), together with (34), (35) and (36), gives 
(69) A, = (b+ c’)X, 


from which it is possible, by differentiation, to find expressions for all the 
derivatives of \ taken at least once with respect to uw, as Auuvs Auvvs 
etc. The following equations hold for the derivatives of \ taken with respect 


to v alone 


Yu, Yoo! = 
(Nov) + 4€ | Yus Yoo | Yor Yus You| te’ ly, Yo, You| = 
$4 Ys Yus You | + 8e’ | yo, Yus You | 
+ (Se’c’ —L)|y, yo, You| = 


FIL Yus You| Yor You| y, Yoo 


where 
= —Avw AL. + (Kit 
(Avov) = — +B’ + (2b, +”) + (bi, + 4e’ — 
(Avvov) = — Avove Avowt (3b, + €” ) Ave + + + de’ d’’ 


+[ (bin + 4e’ — + de” + 40”) — 
A(e, + de”), + le’ (e, + 4c"), = + 120, + 48e”, 
4e’ (4e’ — 2d’) + 4c’ + (Se’ ce’ — L), +a” (Se’ ce’ — L). 


v2 v3 v4 
y y 3 
(67) = i), 
1 2 3 4 
0, 
(70) 
0, 
|= 0, 
h= 
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If the invariant expression 


= —1 (36, — 69’ 


is different from zero, the determinants | Yu, Yoo), | Yor Yas You ls |Ys Yos You's 
may be eliminated from the above equations so as to obtain an equation of 
the fourth order for the coérdinates of the plane ), 


1 0 0 

4(e,+4e’) Se’ 
| (Av vvv ) f g h 


say, for brevity, 
(71) | + + I, Avo + + Ls = ©. 


The completely integrable system, composed of equations (69) and (71), which 
may be called the adjoint system of (D), represents the same integral surface 
as system (JD), but in plane- instead of point-coérdinates. The planes whose 
coérdinates are \ , A, A , A are the tangent planes of the surface, which, 
in general, change with v. As u changes, each plane remains fixed. Equation 
(71) may be thought of as the differential equation, in plane codrdinates, of 
the edge of regression, C', of the integral developable surface S of system ()). 
As v changes, the plane \ envelops the curve C. ‘As u changes, the plane 
remains fixed, corresponding to the fact that at all points of one and the same 
generator the developable has the same tangent plane. 

If L is identically zero, |y, yu, Yoo), | Yor Yas Yoo You| may 
be eliminated from the first three of the equations (70), so as to obtain an 
equation of the third order for the coérdinates of the plane ), 


, 


Nove t Av» (— Se’ — b’) +, (8b’ e’ + 16e” — — 2b; — c’’) 
(72) 
+d (4e’ + Se’ + b’ — 16b’ e” — — +d”) =0. 
In this case, equations (69) and (72) show that the developable degenerates 
into a cone, since the codrdinates of its tangent planes must satisfy a linear 
homogeneous relation with constant coefficients. In fact, equation (72) 
shows that A, A, A, A” satisfy a relation of the form 


(U) AM + AM + (UW) AY + (U)AY =O. 


But according to (69), the ratios of A, A, A, A are independent of uw, 
so that such a relation would reduce to one with constant coefficients, Con- 
sequently all of the tangent planes of the developable have a point in 
common, that is, the cuspidal edge of the developable degenerates into a 


4 
a 
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point, and the developable is necessarily a cone. Therefore if the invariant 
L vanishes identically the integral surface of system (D) is a cone. 

If the original system is in the canonical form, so that e’ = 0, the adjoint 
system has the comparatively simple form 


=O, 
— + Ly — L (36) + 67) 
(73) — L) (26, +0”) — L(36,, + — d”) 
+ [ (Ly — BL) (Bie + — L + — 0. 


§ 9. The transformation of Laplace. The cuspidal edge of the integral developable. 


Consider any surfaces So, not necessarily developable. We shall assume 
that its homogeneous point-coédrdinates, , y™, are functions of 
two parameters, u and v, chosen so that the two families of curves, wu = const. 
and v = const., on it, form a conjugate system. Darpoux has shown* that 
this condition is fulfilled if, and only if, the four functions y™ satisfy an equation 
of the form 
(74) Yur = A(u,r) yet wt (u,r)y. 


The tangents to the family of curves u = const., at the points y, form a 
congruence I',;. One sheet of the focal surface of this congruence is the given 
surface Sy. The other sheet is the surface S; whose codrdinates y\" are given 


by the Laplace transform of y with respect to 2, 
Yi = Yo — Ay. 
Indeed, it is easily verified that y; satisfies an equation of the form 
(y1)u — By = Dy, 


which shows that any line tangent to Sp at y, along a curve u = const. on 
So, is also tangent to S; at y;, along a curve v = const. on S;. 

Similarly the tangents to the family of curves v = const., on the given 
surface So, form a congruence [_; such that the codrdinates of the second 
sheet S_; of its focal surface are given by the Laplace transform of y with 
respect to u, 

Y-1 = Yu — By. 

The Laplace transformation may be repeated indefinitely, so that, in 
general, there is obtained an unlimited sequence of surfaces, S; (k = --- — 3, 
—2,—1, 0,1. 2,3, -+-), on each of which the curves = const. and 
v = const. are conjugate families; while to each surface S; corresponds a 


* Darspovux, Lecons sur la théorie générale des surfaces, vol. I, p. 122. 
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pair of congruences I'y41, ly%-; , formed by the tangents to the curves u=const., 
v = const., respectively. 

The case in which one or more of the surfaces S,; are developables is of 
importance for our theory. We have seen that the differential equations of 
any developable surface may be written in the form (B). The two families 
of curves, u = const., v = const. are still perfectly arbitrary. They form a 
conjugate system if, and only if, a’ vanishes identically. But when a’ equals 
zero, system (B) reduces to its first intermediate form (C), and one of the 
conjugate families necessarily consists of the generators. The form of system 
(C) shows that this is the family » = const. The other family is left entirely 
arbitrary. In this case the relation of conjugacy between the two families 
of curves becomes degenerate. 

We now see that the covariant 


of system (C) is the Laplace transform of y with respect to wu. 

If four linearly independent solutions y™ (k = 1, 2,3, 4), of system ((C) 
be put for y into this expression, and also into &,, there will be found two 
points. The second equation of system (C) gives the following relation 
between these points, 


(75) —e,). 


If wu is constant, while » varies continuously, O describes, in general, a space 
curve u = const. , is a point on the tangent to this curve at the point O. 
Equation (75) shows that Q, is also a point of the generator (of the surface 
S,) containing the points y, y., OQ. The point O is, therefore, that point of 
the generator of the developable So in which it intersects the cuspidal edge. The 
ratios of OY, O°, QO, Q® must, accordingly, be independent of w. 

The differential equation which characterizes the cuspidal edge of the 
integral developable So of system (C), considered as the locus of the point 
© may be found as follows. Multiplying equation (66b) by b’ and subtracting 
from equation (75) we find 
(76) Oo,-b O= Ly, 
where 


is the invariant discussed in § 7. 

If L vanishes identically, equation (76) shows that the ratios of QO are 
independent not only of w, but also of v, that is, they are constants; and the 
cuspidal edge is a point, as should be expected, since the integral surface is a 


cone, 
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If L is not identically zero, differentiation of equation (76) gives 
Ly, 
Dive — Qyy — — = 2Lv yo t+ 
— Dov» — 3b, Diy — Dy — Dire = (Love t+ dL) y 
yo 
Lyn. 


When y, is replaced by its equal, O + c’ y, the expressions y, yv, You, May 
be eliminated from the four equations (76), (77), so that the desired equation 
is found in the form 


(78) Eo + Dove + + E3 + E, =. 


The projective properties of the cuspidal edge of the integral surface So 
of system (C) may be studied directly from this equation. The projective 
theory of space curves, considered from this point of view, has already been 
developed by Professor Wilezynski.* We shall try, therefore, merely to find 
the relations between the invariants and covariants of this differential equation 
and the invariants and covariants of system (C). 

For this purpose, we shall assume that system (C) has been reduced to its 
canonical form (£). Its coefficients, then, are seminvariants, which remain 
unchanged under any transformation of the form 


A(u, vy=y. 


Therefore the equation corresponding to (78) may be obtained by substi- 
tuting the expression (76) for y into equation (48) of system (EF). This gives 
for the equation of the cuspidal edge, 


[L’ (OQ, — 6D) Jor = — [ — 6D) Jor 
+ — O)], + 0” 27 (0, — 6D), 


Dooce + 4p, Dove + 6p2 Do» + 4p3 + P4 U= 0, 


where, in particular, = — 
By making the transformation 
O= LX 


this equation may be reduced to its semi-canonical form 
(79) eves + 627° + 47) + 


which is characterized by the absence of the term involving the third derivative. 


*E. J. Witczynsk1, Projective differential geometry of curves and ruled surfaces, Teubner, 
Leipzig, 1906, Chapter XIII. 


or 
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The remaining coefficients will be 
=I" [3l,, + 3m, + 6’ (21, + m) — 1), 
= + + (Ley + 2m,) — (Lp + m) — 1), 


0’ m,, — m, — mi, 
where 


i= [, m= — 0'l. 


From these expressions for the coefficients a complete system of invariants 
and covariants may be readily computed. For example,* we have 


(3) — 2.(2) 
6; = 7” om, 


If 03 is identically equal to zero, the generators of So belong to a linear 
complex.f 
Consider, next, the covariant 


(66c) R= y, — d'y, 


of system (C) which was found in $7. It is the Laplace transform of y with 
respect tov. Therefore, if y is interpreted as a point on the integral surface 
So, KX must be interpreted as a point on the surface S_; which constitutes the 
second sheet of the congruence T_, formed by the tangents to the curves 
*u = const. on So. The differential equations for the surface S_, may be 
found as follows. 
The second equation of system (C) enables us to write 


(80) Ry = cy + (d’ — bi) y. 
Multiplying (66c) by ec’ and subtracting from (80), we obtain, 
(81) R,—c’ R= My, 


where 


M=0'e'+d' — bi. = 49’ — = 2? (49’4+ 36, — 


If the invariant M vanishes identically, equation (81) shows that the surface 
S_, degenerates into a curve. 

If M is not identically equal to zero, the desired equations may be found 
by eliminating y, Yu, Yo, You from equations (66c), (81), and others derived 
from them by differentiation. We thus obtain a system of form (1) 


M, M, 


* Ibid., p. 240. 
t Ibid., p. 254. 


— 
(as 
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a’ — b’ 2b, — bi, 
Ji, 1 — b; 
(82) R — b’ 
R,— R M 
R, — M, 
for which the coefficients of the terms of the second order are 


M, 


so that the invariant K has the value b’’ M*. The integral surface is develop- 
able if, and only if, b” vanishes identically. 
Therefore, if a one-parameter family of curves, C, be drawn upon a developable, 


the tangents to these curves form, of course, a congruence. The second sheet 
of the focal surface of this congruence will degenerate into a curve if, and only if, 
M is equal to zero. If it does not degenerate, it will itself be a developable if, 
and only if, the curves C are plane curves. 


§ 10. Canonical developments of the non-homogeneous coérdinates of a develop- 
able surface. 


The semi-covariants of system (£) were found to be 


If four linearly independent solutions, y , y, y, y™, be substituted for 
y in these expressions, three points, q, t, $, semi-covariantly related to the 
point y, will be found. These points, together with y, form a non-degenerate 
tetrahedron, except for certain singular points. This tetrahedron will be 
used as a tetrahedron of reference, and, more specifically, the coérdinates of 
any point with respect to it will be defined in the following way. If we sub- 
stitute into any expression of the form 


A=aS+ Bqa+yr+ by, 


for y the four linearly independent solutions, y , , y , y, we find four 
functions, A, A, A, A, the homogeneous codrdinates of a point d. 
The codrdinates of the point \ referred to the tetrahedron of reference, y, 
q,t, $, are then defined by the equations 


nN=a, m=8, 


We shall need expressions for the derivatives of y up to and including the 


196 
| A=C=B=0, B=1, = 1 
= 
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sixth order. We find, for example, 
Yu = 4; 

Yuu — 2c’q + dy, = You = $, 

Yuuu = — Cu) G+ (Dy — y, 

= — 2(¢,4- ¢'b’) + — 2c”) r+ — 2c’d’) y, 

Yun = 6") q+ b’c’) r+ Bd’) y, 

You. = — + g+ dD” y. 
All such expressions are of the form 

= + Big + Cir + Diy, 

where the subscript u;v; indicates 7+ 7 differentiations, 7 with respect to 
u and j with respect to v. The explicit expressions for the coefficients A”, 
Bi, ---, will be omitted for i+ 7;> 3, since they are rather long, and since 
their calculation is of little interest and offers no difficulty. 

We shall assume that the point y of the surface corresponds to the value 
(0, 0) of w and v, an assumption which involves no loss of generality. If 
the surface is analytic in the vicinity of this point, for values of wu and » 
sufficiently small, the general solution of system (£) may be expanded into a 


power series 

Y= yt yutt yoot (Yury? + 2yuv t+ Yoo?) + 
which may be written in the form 

Y= 8+ tq+tst+ tay. 

The coefficients, t;, t2, ts, tg, are power series, which, in accordance with 
our convention, represent the codrdinates of any point of the surface, within 
a certain vicinity of the point y, referred to the tretahedron y,q,t,%. These 
series are 


= 30° + uv? — 
but 4(7¢" —c)w— (+ 
(83) ts = 0+ cut + wot +d’ + we? 
ts = 1+ 3du?+ Dd’ w+ 2(d, — 2c’d) uF + — 2c’d’) wv 
+ 3(d, + 6’d’) we? + + 


Trans. Am. Math, Soc, 13 


— 
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Let non-homogeneous coérdinates be introduced by putting 


(84) f=2 


so that the development of the surface, exact up to terms of the sixth order, 
takes the form 


where 
o3 (£, 7) = S03 + S12 + 1? E + S30 7’, ete. 


The explicit expressions for these coefficients ¢;;, which do not vanish identically, 


are 


— 4(6), + 3c, — 2b’c’), 
, = c’( bi, — b’c’ + 3¢, 
166’ ¢, + 3c’ b, — 6” + 26’d’ — — + 66’ bi + 9c’ 
12 v - Woy uv ) u Je ); 
= ( 25d” + — 456’ — 246,, + 726’ b, — 246”), 


33 = ( 26’ — 9c, — 3b’, ) ‘ 


— 26” — Ge’ — c” — — 8b’ dD’ + 12¢’ 
+ — 2461, 6’ + + + 186), 
C15 = gy (60. — + 136)” + 136’ — + 86’ + 136, 6, 
— 236” —619¢’ dD” —1,178¢' +1,138b’ ¢”+599¢’ b’ 
+ 5496" — 506d’ — 306’ + 45¢; 6; —75c;, ), 
fo = gig(— 84d.’ + — — 286" + 450" — 
+ 3677 + 6’ + + 66’ — 406, + 46’ 
Since the surface is developable, the equation 
( art 
dE On On? 
must be satisfied identically, so that the following relations among the coef- 


ficients must hold, 


3 


foo = = 3612 (£13 — £03 S12), C32 = Sie, 
(87) 4fo, = 12¢72 (3h33 — 204) + 4612 (4614 — S12) + 
= — S03» = oie. 


These equations will be used repeatedly in what follows, without further 
reference to them. 


to ts 
ts 
= C , 
$13 
§ 32 
$14 
$05 
— 


1913] OF DEVELOPABLE SURFACES 199 


Every term in the right member of equation (85) is divisible by &, that is, 
the plane ¢=0 is tangent to the surface at all points of the generator £=¢=0. 
The most general transformation of codrdinates which leaves this plane and 
this generating line unchanged is 


“1+ axt+ byt ez’ ax + by + 
(88) 
vz 
1+ axt by + cz’ 
where \, w, v, a, b, --- ce”, are arbitrary constants, which may be chosen 


in such a way as to simplify the development into series.* 

If, instead of y, the linear combination a” x + b” y is taken, as Darboux 
has suggested, the transformation (88) may be replaced by the following three. 
First put 
hz y + kz Zz 


where w; is a linear function of x and y, say, 


uy = Ax+ By, 


(89) 


and up is a constant. Follow this transformation by a linear transformation 
of x and y, 
(90) r=a'2’, 
and finally by a transformation of the form 
(91) = wy, = vz. 
If the values of £, 7, ¢, given by equations (89), be substituted into the 
development (85), it becomes 
(#+ hz)? d3(xthz, ythkz) 
uz (1+ + uz)? 
This, of course, must be of the form 
(92) z=2/+U;+ 
and, up to terms of the fourth order, the following equation must hold 


z= (at (1 — — uj) + (2, y) (1 — 2u,)+ zAds + 


0 0 
where A represents the operation h art k ay” Replacing z by the develop- 


* The development to terms of the fifth order inclusive is given by Darsoux, Bul- 
letin des Sciences mathématiques, 2d series, vol. 4, 1880, p. 356. 


| 

| 
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ment (92), and equating the terms of the same degree, we find 
Us = — 2? + + 93, 
Us = — up att uza?— x? + — 2u; + 2? Ads + ou. 
The two constants involved in u;, may be chosen so as to make U3 vanish 


identically. To accomplish this, it is necessary and sufficient that they satisfy 
the equations 


2h—-A+ fo = 0, 
If these conditions are satisfied the terms of the fourth order become 
U4 (— uo — A? + S04 + 3hfo3 + + ($13 fos y. 


Let us suppose that U; has been reduced to zero in the way indicated, so that 
for the new development 

In order that U; may remain zero for any subsequent transformation of form 
(89), it is only necessary to have 


2he — u, = O, that is, A = 2h, B= 0. 


Upon making such a transformation, the new U, becomes 
Ug = — up xt t+ = (S04 — Uo) + — Sos) 


By putting wo = {04 it is, therefore, possible to reduce the development to 


the form 


y+ + y) + 


Ais = $13 — = 3L, 
L being the invariant found in § 8. 
The development may be further simplified by making another transforma- 
tion of the form (89), viz., 
_ + he’ 
1+ 2he’’ 
where we have taken 
u=0, B=0, A= 2h, 
so as not to disturb the form of development already established. The 
new development becomes 
(1+ 2he’)? (1 + )4 
(a! + hz’)? (1 — + 4h? 2” — 2” + 16h! 2") 
+ Ays (x + 2! + 3h? a! 2”) (y! + hz’) (1 + 12h? 2” — She’) 
+ o5 y’) (1 — 8hx’) + 2’ Ads t+ + 
+ +Ust+ Ust 


where 


(93) x 


1913] OF DEVELOPABLE SURFACES 201 


where 
Us = x” (kArs — 2h?) + y’ + (2’, y’) 


= 2” — 2h? + 25) + 2” (hArs + zis). 
The coefficient of x” may be made equal to zero by putting 


The term in 2” y’ also may be reduced to zero, by choice of h, provided Aj; 
does not vanish identically,that is, whenever the surface is not a cone. 

Suppose that the surface is not a cone, and let the terms of the fifth order 
be removed, as indicated. Us; will remain zero under subsequent trans- 
formations of the form considered, only provided h = k = 0, that is, only if 
the transformation is the identical transfomation. The terms of the sixth 
order become 

Us = 2062 + zisz” y’ + 2" y”; 
and, by putting, 
y” = Ais y’ 

the series reduces to the form 


It will now be convenient to introduce the linear transformation given by 
equations (90). But, in order to preserve the form of the development just 
found, it will be necessary to employ a combination of the transformations 
(89) and (90). Since all of the terms of this development are of even order, 
it is clear that the most general transformation which need be considered is 
one of the form 

a’ X a” X +b” Y Z 


x = 
1+ cZ 


When such a transformation is made, the development becomes 

Z=a" X?(1—cZ + 2Z*) +a" (1—cZ)8 (a”X +b" Y) + 
+ zisa” X+b” Y) + fa" X4(a”X +b" 

In order that this may again assume the form 


Z= 


it is necessary to have 


2 2 33 3 
a” =1, =0, 6” a” = 1. 


Assuming these equations to be satisfied, the terms of the sixth order become 
Us = (Zo — 2c?) + — 4c) + 2X! Y?, 


so that it is possible to reduce either of the first two terms to zero by a proper 
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choice of the constant c. Let the term in X® Y be removed, so that the series 


will assume the form 
Z= + Ao + 3X V2? 4+ 
By applying a transformation of the form (91), viz: 
Y’=yzY, Z' =vZ, 
this may be made finally to take the form 
Z= XP 4+ X°Y'+kX* + 3X" 


where k is unity or zero, according as Ag, does not, or does, vanish. In fact, 
to accomplish this, it is only necessary to put vy = \* = A*y, and, if Ag + 0, 
A= VAw. If Acs = 0, A may be left arbitrary here, and determined sub- 
sequently so as to simplify the terms of orders higher than the sixth. 

In obtaining the terms of the fifth and sixth orders in this development, we 
have assumed that the invariant A); does not vanish, that is, that the surface 
is not a cone. If the surface is a cone, Aj; is necessarily zero, and these terms 
cannot be reduced as in the case just treated. In fact, it can be shown that, 
in general, the term in X® must remain. 

The results may be summarized as follows: For every regular point of a 
developable surface, a tetrahedron of reference may be so chosen that, in the vicinity 
of this point, the equation of the surface may be expanded in the form 


z= y t+ (1 — bis) kos (1 — kos) + (1 — kos ) kos 
+ (1 — his) kis 2° thes + Re, 


where each of the quantities k;; may have either the value 0 or 1 according as a 
corresponding invariant Aj; vanishes or does not vanish, and where Rg is the 


(94) 


remainder after terms of the sixth order. 

In reducing the development (85) to the various forms (94), we have pur- 
posely avoided the complications which would be involved in preserving the 
explicit expressions for the coefficients in the several intermediate develop- 
ments. When these expressions are preserved, the invariants A;; appear in 
the process of reduction. They are 


Ais = $13 — 2612 Sos, Aos = S05 + — Soa, 
Ais = $15 + 8612 S33 — 12612 S03 Soa + Aos, 
Als is (Dos Qos } = Ais Qos Dis [ Dis 2Ais Cis 


— Ais (Ais — 10612 Aos — 404413) 
where 
Dig = S14 + 6612 — 3612 — 3613 £03, 


4 
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Consider that form of the development (94) for which Aj; is different from 
zero, that is, 


where k = 1, or 0, according as Aogg is different from, or equal to zero. 
Let the transformation of form (88) which will project the surface (94a) 
into the surface (85) be 


If homogeneous coérdinates 


be introduced, the relations between these codrdinates and those of the 


original system are defined by the equations 


1 


wt; 


v1, 


1 1 
(6) 


i 
r 1 
wt; = uty 
1 B —a 
wts = — B(Ap — — 2%, 
M1 Ai 
where 
Aisa = — 2Di4 — S03 Ais, B= — $12, AwA = — Dis, 
Ais 10d" Ais + 2d Ai3 — — 2Ai3 + 


+ (Dis + 3603 Ais) — 8512 Aos + — 12f12 Ads, 

Ais (Ap — + Aos = vy = + + — Sos, Aim = Ais, 

= 
and where A; = VDoc if Ags + 0. If Ags = 0, A; is to be left arbitrary until 
the form of the remainder J, is determined. 

The vertex (0, 0, 0, 1) of the canonical tetrahedron is the point y. Let 
the codrdinates which represent the other vertices (1,0,0,0), (0,1,0,0) 
(0, 0, 1, 0) be denoted by q’, t’, and 8’ respectively. Since t’ = Q. this 
vertex of the canonical tetrahedron lies on the cuspidal edge of the integral surface. 


§ 11. The canonical quartic scroll. 


Let a developable surface S, not a cone, be referred to the canonical tetra- 
hedron (defined by equation (96)), which belongs to one of its points y and 
consider the quartic surface 
(97) z=2°+ 2° y, 


| 
| 
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which shall be called the canonical quartic of the point. The equation of the 
latter in the homogeneous coérdinates (95) is 


2 
(98) — — x327.=0. 


The equations of the first, second and third polars of a point (y1, y2, ys, ys) 
with respect to the surface are respectively 


Ys t1 — Y3 — yo + ys) ts + (3yi yn — ys) = 0, 
(99) — (6ys y2+ a5 + — 2y5) — — ys 

+ 

3y1 — + — — By2 23 — 23 = 0. 


The only singular points of the surface Q , therefore, lie on the line 73 = 2, = 0, 
and every point of this line ¢ is a triple point on the surface. Thus the surface 
isascroll. The tangent planes to the surface Q along the triple line ¢ are given 
by the equation 

(190) — = 0. 


The three tangent planes coincide for y,;=0, or ye=O0, so that 
= (1, 0,0, 0) and OQ = (0, 1, 0, 0) may be called triple pinch points 
on the quartic scroll Q.* 
in order to complete the determination of the canonical tetrahedron, we 
must find out how the scroll Q is determined by the properties of the surface 
S. It is easily seen that the most general quartic scroll which has the line 
23 = 2, = 0 for a triple line and a pair of triple pinch points on that line, is 
given by the equation 
haz)? ay + (bas + kag)? + crt + + exi + gx} = 0. 
If this surface passes through the point y = (0,0, 0,1), and has the tangent 
plane 7, or 2; = 0, in common with the surface S, we must have 
ec=k=d=0. 
Let the triple line, instead of being x3 = 2, = 0, be the arbitrary line 
(not passing through yf ) 
+ lz, + mz, = 0, 
t3+ qv =0, 
and let the pinch points be arbitrary points of this line, viz., the points of 


intersection of this line with the planes 


21+ = 0, = 0. 
* This species of scrolls is described by CayLey. See Collected Mathematical Papers, Vol. VI, 
p. 312. 
+ This will be seen to imply only that y is not a point of the cuspidal edge of S. 
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The equation of the most general quartic scroll having a triple line with 
two triple pinch points and touching the surface S at the point y will then be 
obtained by putting, 

in place of x1, %2, %3, 2%, respectively, in 
(101) (x1, %2, = (aaa + + bas + ext + fas 
+ gx3= 0, 
that is, in non-homogeneous coérdinates 
(102) ytuz, tt+pztqy, 1+lz+ my) =0. 

We shall assume that this quartic scroll has contact of the fifth order with S 
at the point y. Then the development 
(94a) z= a+ 


where k = 0, or 1, according as Ag, does, or does not, vanish, must satisfy 
equation (102) up to terms of the fifth order inclusive. ‘The conditions ob- 
tained in this way give, if we puta = 1, 


=q=m=0, e=b=-1, f=-— 3p, h = 3p, 
w= — pl. 


Thus, to every regular point y of the surfaces S there belongs a family of 
eo” quartic scrolls, having contact of the fifth order with S at y, and carrying 
a pair of triple pinch points on a triple line. The equation of the most general 
quartic scroll of this kind is 


[a4 + lay + h(a3+ par) a1 — (23 + par)? (x2 + war) 
(103) — (a3 + pri)? (a4 + lai)? + f (a4 + lar) (a3 + pri)? 
+9 (23+ px)* = 0, 


where f ,g, h, uw, are the functions of p and / given above. 

Consider a surface Q of this family. Every plane which contains the point 
y will intersect the surfaces Q and S in plane curves which have contact of at 
least the fifth order with each other at y. Among these planes there are some 
which intersect Q and S in a pair of curves having contact of at least the sixth 
order with each other at y. These planes may be found by substituting the 
development (94a) for S into equation (103) for the scroll Q, and equating 
to zero the terms of the sixth order which do not vanish identically. We 
obtain in this way a sextic homogeneous equation in z and y, which may be 
reduced to 


(482? + 4Rry + 27y*) = 0, 


| 

| 

| 

| 
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where 
R = 121+ 137’, S = 3k + + 31p?1+ 67p!'; 


or in homogeneous coérdinates, 
(104) (4823 + x2 + 2723) = 0. 


This equation determines six tangents of the surface, that is, the generator 
g counted four times, and two lines ¢,, t2, which we shall call the tangents of 
sixth order contact between @ and S, because every plane passing through 
such a line intersects Q and S in a pair of curves having contact of at least 
the sixth order with each other at y. 

The tangent plane 7, or 2; = 0, to the surface S at the point y, intersects 
the quartic Q in a quartic curve consisting of the generator g counted twice 
and a conic K,, whose equation is 


gx3 + fxs — — 2322 = 0. 
The polar of the point y with respect to the conic K is 
224+ pa; = 0. 


This line intersects K in two points K,, Kz, whose coérdinates are respectively, 


m1=27;=0, x, = 4x. — = 
The tangent ¢ to K at the point K, has for its equation 


while the tangent of K at K, coincides with g. 

Consider the four lines g, t, t;, t2. They all lie in the plane 7 and pass 
through the point y. The lines ¢,; and t, will be harmonic conjugates with 
respect to g and ¢ if, and only if, R= 0. But, when R= 0,1 = — }3p’, 
so that there remains a single infinity of quartic scrolls Q, whose tangents 
of sixth order contact with S divide g and ¢ harmonically. For every surface 
of this family the line coincides with the edge x; = 2. = 0 of the canonical 
tetrahedron. 

Consider one of the scrolls Q, of this family. The plane x2. + wa, = 0, 
determined by the pinch point q’ and the line ¢, intersects Q, in a quartic curve 
C, whose equations are 
(105) + = 0, 


[ag+ lay + h(as+ pa) — (a3 + par)? (ag + lari)? +f (a4 + lr) 
(a3 + pri)? +9 = 0, 


where f, g, h, uw are all constant multiples of positive powers of p. If we refer 


E 
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the curve C, to a set of non-homogeneous codrdinates, 
its equations become 
Y=0, (1+ AX)? Z— X?+ fX* + gX* = 0. 


The necessary and sufficient condition that the left member of the latter 
equation can be factored into the form 


(a+ bZ+ cX) (d+ eX) + kXZ+ mX + nZ+ gq), 


or that the curve degenerates into a pair of lines and a conic, is that g = 0. 
But when g = 0, p= yw = h=f = 0, and equation (103) becomes identical 
with that of the canonical quartic scroll (98). 

The canonical quartic scroll Q of a point y is, therefore, completely character- 
ized by the following properties. 

1. It has a triple line with two triple pinch points, 2, q’ , the first of which lies 
at the intersection of the cuspidal edge of the given surface S with the generator 
g passing through the point y. 

2. It has the contact of the fifth order with S at y. 

3. The tangent plane r to S at y intersects Q in the generator counted twice and 
a conic K tangent tog. The two tangents t,, tz, (distinct from g) of sixth order 
contact between Q and S at y, divide the two tangents g and t, drawn to K from y, 
harmonically. 

4. A plane through t and q’ cuts Q in a curve C4 which degenerates into a pair 
of lines and a conic. 

For the canonical quartic scroll, given by equation (98), the point K2 
coincides with the point 3’. Thus all of the vertices, y, q’, t’, 8’, of the canon- 
ical tetrahedron have now been determined geometrically. In order to com- 
plete the geometrical determination of the system of codrdinates which leads 
to the canonical development, it remains to find the unit point of the system. 
This may be done as follows. 

Consider the two planes determined by the pinch point q’ and the two 
lines t,, t2, whose equations are, by (104), 


4kx? + 922 = 0. 


By considering a special case, say that in which 6’ = 0, it can easily be shown 
that Ao, and hence k, is, in general, different from zero. We shall treat only 
that case for which Ag +0. We may then assume & = 1, so that the 
equations of the two planes are separately 


2x3 + = 0, 2x3 3122 = (0. 
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They intersect the surface Q in two quartic curves C’, C’’, whose equations 
are respectively. 
2, xi + — = 0, 2123 — — 0. 
The Hessians H’, H’’, of C’ and C”’, are respectively 
xi (4iz§ — 27) = 0, x} + a7) = 0. 


Twenty-two of the twenty-four intersections of the curves C’ and C” 
coincide with the pinch point q’. The other two intersections are the points 
of inflection 

A (— 1, 2), B (45°, 3w?, 1, — 2w), 


where w is a fourth root of — 1, viz., V2 + i3V 2. 


The curves C’” and H” intersect in q’ counted twenty-two times, and in 
the points of inflection ° 


C(- jw’, 2w*), D (#3w, 1, 2w*). 


The four points A, B, C, D, determine a non-degenerate tetrahedron. If 
the four fourth roots of — 1 are interchanged, these points are permuted 
according to the four group 


AB -CD, BC - DA, AC- BD. 


These results may be stated as follows. The vertices of the canonical tetra- 
hedron are the given point y, the two triple pinch points 4’, O of the canonical 
quartic scroll Q, and the point of tangency 3’ , of a tangent from y to the conic K, 
which the tangent plane at y to the surface S cuts out of Q. The system of coér- 
dinates which gives rise to the canonical development refers to this tetrahedron. 
If the invariant Ae does not vanish identically, the unit point is to be taken in 
such a way that the points of inflection, A, B, C, D, described above, have the 
codrdinates indicated. Since these points may be permuted in four different 
ways, without altering the system of codrdinates, the canonical development may 
be made in four different ways. For this reason its expression contains the fourth 
root of a rational invariant. 

When Ao. = 0, & = 0; and the lines ¢;, t2 coincide with ¢. In this case it 
would be necessary to consider terms of higher order than the sixth in order 
to determine the unit point of the canonical system of codrdinates. 


University or URBANA, ILL., 
March 11, 1912. 
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THE SOLUTIONS OF NON-HOMOGENEOUS LINEAR DIFFERENCE 
EQUATIONS AND THEIR ASYMPTOTIC FORM" 


BY 


K. P. WILLIAMS 


Introduction. 


Very important progress has recently been made in the analytic theory of 
homogeneous linear difference equations. 

GALBRUN f has used the Laplace transformation to derive important ex- 
istence theorems, and has investigated the nature of certain principal solu- 
tions for large values of the variable. 

At about the same time NOrLUND { applied the theory of factorial series 
to linear difference equations, showed the existence of the same solutions, 
and gave their asymptotic form. In addition to the case of polynomial co- 
efficients he has considered the case where the coefficients can be expressed 
in factorial series. In a more recent paper he has investigated an equation 
with still more general coefficients.§ 

By means of a method of successive approximation, and a suitable extension 
of a contour integral due to GuicHarRD, CARMICHAEL || has independently 
shown the existence of solutions, and has found the bounds of increase and 
decrease of the solutions in a direction parallel to the real axis. 

The latest important contribution to the general theory is by BrrkHorr.{ 
He employs a matrix notation, and shows in a direct manner the existence 
of certain intermediate solutions and of the principal solutions. The asymptotic 
form of these solutions is determined throughout the complex plane. A 
modification of the integral used by CARMICHAEL plays an important réle. 


* Presented to the Society February 24, 1912. 

+Comptes Rendus, vol. 148 (1909), p. 905; vol. 149 (1909), p. 1046; vol. 150 (1910), 
p. 206; vol. 151 (1910), p. 1114; Acta Mathematica, vol. 36 (1912), pp. 1-68. 

tComptes Rendus, vol. 149 (1909), p. 841; Bidrag til de lineaere Differnsligningers 
Theori. Dissertation, Copenhagen, 1910. 

§Mémoires de l’)Académie Royale des Sciences et des Lettres 
de Danemark, Copenhagen; 7th series, vol. 6 (1911), pp. 309-327. 

|| These Transactions, vol. 12 (1911), pp. 99-134. 

These Transactions, vol. 12 (1911), pp. 243-284. 
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He finds also the form of the periodic functions which connect the principal 
solutions, and formulates for the first time the properties which are sufficient 
to characterize a given system. 

While the analytic theory of homogeneous linear difference equations has 
thus been extensively treated, no general theory has been developed for non- 
homogeneous equations,* although a number of equations of particular form 
have been considered (see CARMICHAEL, loc. cit., Introduction). 

The purpose of the present paper is to prove the existence of certain principal 
solutions of the system of non-homogeneous equations 


gi(x+1)= (x) gj (x) 


+1) = (2) 95 (2) + b(@+1), 


and to develop their asymptotic form. The functions a;; (a2) and 6 (2) will 
be assumed to be rational,t with poles of order at most uw and y respectively 

at infinity, so that we can write 


(1) 


for |x|>R. 


b(x) 


On account of the gain in simplicity of the formule we have taken a system 
where all but one of the equations are homogeneous. It is, furthermore, evident 
that the system (1) would be no more general if all the equations were non- 
homogeneous, since the solution of such a system could be obtained by adding 
together the solutions of the n systems, of the above type, which would be 
obtained by striking out the non-homogeneous term from all the equations 
except the first, second, ... , last, in turn. Thus the theorems for (1) can 
be extended readily to a system of n equations, all non-homogeneous. 

The method employed is based on a method analogous to that of varia- 
tion of constants in the theory of linear differential equations. This method 
has previously been supposed to yield only formal results.f It will appear, 

*It is possible to reduce a non-homogeneous equation to a homogeneous equation. The 
application of the general results for a homogeneous equation will show the existence of solutions, 
but gives no direct means of studying their properties. This method is suggested by WaL- 
LENBERG and GULDBERG, Theorie der linearen Differenzengleichungen, p. 87. 

+ Most of the results which will be obtained apply with slight modification to the case where 
ai;j(x) and b(2) have the form of rational functions only at infinity. 


t WALLENBERG und GULDBERG, p. vii, “...die Methode der Variation der Konstanten, 
die wegen der mit ihr verbundenen Summationen meist nur formale Bedeutung hat... .” 
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however, that in general, if not in all cases, the sum formule that arise can be 
interpreted so as to give solutions analytic in the finite plane except for 
poles. 

There is a difference of treatment according as n» >0, u< 0, or 
p=0. 

In § 2 the reduction of the problem to that of making valid one of four 
formal types of sums is effected. 

In § 3, under the hypothesis that u > 0, a direct summation to the right 
is used to derive a first principal solution of (1), which we denote by gi; (2), 
gai ***, (x). This solution is analytic in the finite plane save for 
poles at determinate points near the negative real axis. In § 4 it is proved 
that in the right half plane this solution is asymptotic to the series formally 
satisfying (1). 

It is shown in § 5 that the formal solution of (1) obtained by a direct sum- 
mation to the right, such as is used in § 3, is independent of the fundamental 
set of solutions of the homogeneous system associated with (1) which is used 
to determine it. This principle is used in §6 to determine the asymptotic 
form of the first solution in the left half plane. 

A summation by means of a contour integral to the left is employed in § 7 
to determine a second principal solution, gi.(x), goo(®%), Guo (a), 
analytic save for poles at determinate points near the positive real axis. This 
solution is asymptotic to the formal series in the left half plane. 

In § 8 the relation between the principal solutions is determined. 

It is seen in §9 that, if 1< 0, the same theory holds except that the 
réles of the right and left half planes are interchanged. Similar results are 
proved in $10 for the intermediate case u = 0, except in certain extreme 
cases. 

An application of the general theory is made in $11 to a single equation 
of the nth order. 

The writer wishes to express his appreciation and thanks to Professor 
Birkuorr for the valuable suggestions and aid that have been received from 
him. 


$1. The fundamental existence theorems for a homogeneous system. 
The system 


(2) gi (w+ 1) = (x) 95 (2) (i =1, 2, +++, 


is the homogeneous system associated with (1). As we shall make use of its 
solutions, it will be convenient to enumerate some of their properties. We 
state below the existence theorems for (2) as they are given by Birkhoff. 
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There exist in general n sets of series: 


81; (2) = (pje")” 2" ( 


823 (2) = (pje™ ( 


8nj (2) = (p; 


each of which will formally satisfy (2), but which in general diverge. 
The quantities p; are the roots of the determinant characteristic equation 


(4) |ai— p|=0, 

where 6,;; = 0 for i + j, and 6;; = 1, and they are so ordered that 
(5) lol > |pnl- 
Furthermore, they are all supposed different from zero, that is 

(6) A = | aij | = pipe pr $0. 

It is assumed that such series exist, and also that 

(7) S=|s;| +0. 


We can now state the theorems we shall use. 

There are two fundamental sets of solutions of (2), the first and second principal 
solutions;* they may be denoted by hy; (2), he; (2), +++, h(x) =1, 
2, n), and Ii; (2), ho; (x), (a) (j7=1, 2, -+-, n), Tre 
spectively. They have the defining property that in any right half plane 
hi; (x) ~ (x),t while in any left half plane hij (24) ~8;(z) (4,j7=1, 
2,---,n). The functions h;; (x) are analytic in the finite plane save for poles 
at the poles of a;;(2), and the zeros of the determinant | aj; (x)|, or points 
congruent} to these points on the left; while the functions h;; (x) are analytic 
save for poles at the poles of u;; (x), and points congruent on the right. 

While all the results which will be derived could be obtained by making 
use of only the principal solutions of (2), it will simplify the work to make 


* Our first and second principal solutions are the second and first principal solutions, respec- 

tively, as given by Birknorr. For the present purpose it is convenient to take them as above. 

+ This means that for any c the difference between h,; (x) and k +1 terms of s;; (xz) can 

be written ( pj )? 2 where lim (x) = 0, uniformly, for — =arg (x —c) 
z=@ 


=r or, in a special case, for — 44 — e=arg (x —c) =}a —€e, € arbitrarily small (see 
GaLBRUN, loc. cit.). We say then that hij (x) is asymplotic to 3; (x), or in symbols 
hi (2) ~ (2), and call (xz) the remainder coefficient. 

t The points ---z —2,z2—1,2,2+1,2+2, --> are called a congruent set of points. 
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use of the properties of one of the two sets of intermediate solutions that are 
given by Birkhoff (loc. cit. § 3). 

There exists a set of intermediate solutions hi; (x), ha; (xz), (2) 
(j = 1,2, ---+,m), defined only at a sufficient distance from the axis of reals. 
The elements of these solutions are analytic in the region where they are defined, 
and are such that hi; (2) ~ 8:; (a2) with regard to x in the left half plane,* and 
with regard to v (2 = u+vV— 1), in any right half plane.t 

Although these intermediate solutions are not defined near the real axis, 
they will be of service to us on account of the fact that they maintain their 
asymptotic form with regard to v in any right half plane, and because the 
periodic functions which connect them and the second principal solutions are 
of a simple nature. The relation between these intermediate and the second 
principal solutions is given by the formula 


hij (a) = gry (a) hin + hin (2) + 


(8) =, =, 
+ 5 (2) hi, + (2%) (4, =1, 2, 


where ¢1; (2), (2), +++, ¢j-1,; (@) are periodic of period 1, and are 
analytic at a sufficient distance from the real axis.t{ 

When we put j = 1 in (8) we see that the solution bes (2), +++, hee (x) 
(i. e., the one corresponding to the largest |p|) maintains its asymptotic 
form in the right half plane with regard to v. These functions form the ele- 
ments of the first column of the determinant |h;;(2)|. It is also proved 
in Birkhoff’s paper that | his (x) |, or any minor formed from its first 
columns (k< n), is asymptotic to |s;;(2)|, or its corresponding minor, 
with regard to v in the right half plane. 

There exists a second set of intermediate solutions hj; (x), such that 
hi; (2) ~ 8: (2) with regard to 2 in the right and with regard to 2 in the left 
half plane. 


§ 2. The formal solution and the operation of summation. 


We are thus assured of the existence of solutions of a homogeneous system. 
This will enable us to determine easily a formal solution of (1). For this 
purpose let 1); (2), lo; (x), «++, (x) (7 = 1, 2, +++, m) be any funda- 
mental system of solutions of (2). Write 


(9) gi (x) = Low; (a) lis (a) (i=1, 2, +, 9), 
j=! 

 * That is, asymptotic in the sense already defined. 

+ This means that the difference between hi; (x) and k + 1 terms of s;; (xz) can be written 


(pje—*)* (x) v—-* where lim & = 0, — 3a S arg (x — c) 


Birxuorr, loc. cit., p. 266. 
Trans. Am. Math. Soc, 14 
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and let us determine the quantities w|( we(a), (2) sothat g(x), 
+++, gn (2) will be a solution of the non-homogeneous system. If we 
substitute the latter expressions in (1), after first putting 


w; (x +1) = a; (x) + Aa; (2), 


we find in virtue of (2) 


(10) 


Aw; (2) by (a+ 1) = b(at+ 


This is a system of n linear non-homogeneous equations in the n quantities 
Aw, (2), Awe (x), +++, Aw, (2). Let L (2) represent the determinant 
|1;; (a2) |. Further, let Z; (2) be the minor of the element in the last row 
and jth column of L (2). From (10) we have 


bis 
(11) Aw; (x) = (= 


We are thus naturally led to the consideration of the simple non-homogeneous 
equation 
(12) Af =f(x«+1)—f (x) = 
There are two series which formally satisfy (12), namely, 
(13) f(z) = — O27) 
(13’) f(x) =0(x—-1) + 0(r-2) + 


which, if they converge, will be actual solutions. These will be called the 
direct sums to the right and left respectively. 

Besides the direct sums, a formal solution of (12) exists in the form of a 
contour integral due to Guichard.t We shall use it in the form adopted by 
Carmichael.{ Let @(2x) be analytic outside of the region D , extending to the 
right and lying within a finite distance of the positive half of the real axis 
(see fig. 1); then if the contour L = 0 AB o is drawn so as to enclose D, 
and passes between x—1 and 2 in the manner shown in the figure, the function 


6 (t) dt 
(14) 


* The solution written in the form 34 (2) is called a sum formula where the operation & is 
z 
such that 6(z2) 
z+1 zx 


{7 WALLENBERG und GULDBERG, loc. cit., p. 12. 
t Loc. cit., p. 119. 
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formally satisfies (12) by Cauchy’s formula, since f (x + 1) — f (x) reduces 
to the integral around ABB’ A’, and the only singularity of the integrand 


within this region is at t = 2x.* 
The sign of the 


If now 6 (t) decreases along A 2% and Bo in such a way that the integral 
converges, (14) will furnish an actual solution of (12). 
It is obvious that in case the region D extends to the left, we can take a 


contour L extending to the left so as to again enclose D. 
integral must in this case be changed if we integrate so as to keep the area 


within Z on our left. 
A’ 


B’ 
Fia. 1. 


We therefore have four formal solutions of an equation of the type (12), 
the direct sums to the right and left respectively, and contour integrals about 


contours extending to the right or left. 
When one of the above sums is applied to (11) we see that (9) will furnish 
a formal solution of (1). Our main problem therefore is to determine whether we 
can so choose the system of solutions (x), lo; (2), +++, hy (G = 1,2, 
, n), of (2), that the application of one or more of the four sums to (11) will 
lead to an analytic solution of that equation and therefore of (1). 
§3. The first principal solution for > 0. 
We choose first as the solutions of (2) the first principal solutions, hy; (2), 
ho; (a), +++, hnj (2) (7 = 1,2, +--+, Take, further, as the solution of 
(11) the direct sum to the right. Thus we have formally 
H(x#+2) 4 


(15) (2)= H(x+1) 
where H (2) is the determinant | h,; (2) |, and H; (a) is the minor of this 


with reference to the element in the last row and jth column. 


* In case @ (x ) is analytic within D , the integral in (14) reduces to (13) by a familiar theorem 
in the theory of residues, since the only singularities of the integrand are atz,27+1,2+2, 
That is, we are led to (14) on writing (13) as a series of residues. 
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Each of the terms of (15) will be analytic save at the zeros of H(2), and 
the poles of b (2 + 1) and H; (x +1), or points congruent to these points on 
the left. 

As has been stated, hj; (2) is asymptotic to s;; (2) in the right half plane, 
so that H (2) is asymptotically represented by the determinant |s;; (x) |. 
From (7) it follows that H (2) will have no zeros in the right half plane at a 
sufficient distance from the origin. Since the quantities h;;(2) form a 
system of solutions of the homogeneous system, we see easily that H (2+ 1) 
is equal to A (a) H (a), where A (x) is the determinant |a;;(2)|. Therefore 
we have H(x—1) = H(x)/A(a—1), and since A(z) has no singu- 
larities in the finite part of the plane exterior to a circle of radius R, it follows 
that H (2) will not vanish in the finite plane at a sufficient distance from the 
negative real axis, say at a distance greater than R’. 

From the situation of the singularities of h;; (x) it is apparent that H; (2) 
is analytic in the finite plane at a distance greater than some quantity R from 
the negative real axis, while b (2 + 1) is analytic if x + 1 lies outside a circle 
of radius R. 

Let T be the greatest of the quantities R, R’, and R. About the origin 
draw a circle of radius T , and the half-lines tangent to it and parallel to the neg- 


Fic. 2. 


ative real axis (fig. 2). Denote by P the region enclosed by these lines and the 
semi-circumference in the right half plane. Then if z is any point in the finite 
plane exterior to P, all the terms of (15) are analytic. If z is within the region 
P , some of the first terms may have singularities, but all the terms from the 
mth remain analytic, if m be so chosen that x + m is exterior to P. 

It remains now to discuss the convergence of (15). Consider the mth term. 
We will show that it is less in absolute value than the mth term of a rapidly 
converging series. To do this, replace the elements of H; (2+ m) and H(z2+m) 
by their asymptotic forms. When this is done it is evident that we can remove 
the factor (x + m)*?*"*" (p,e*)**™ from the kth column (k = 1, 2, 

-,n) of H(x+m). All these factors can be removed from H;(x + m) 
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except the one for k = j, so that we have* 


16 b(x+m)H;(x+m) m)’ ( d;? ) 
where 

bS; 
S; being the minor of the element in the last row and jth column of S = | s;; |. 


If we put z+ m = my, we see that the typical term of our series can be 
written 


m, 


M(m), 


where c and C are constants, and M (m;) is a uniformly limited function 
for m large and z in the vicinity of any point x;. Since m, increases indefi- 
nitely in the successive terms of the series, it is evident that the above 
expression is the general term of a uniformly and rapidly converging series, 
irrespective of the values of c and C, provided only that » >0, which we are 
assuming for the present. 

By Weierstrass’s theorem the series (15) will therefore represent an analytic 
function, provided x is exterior to P; for this makes all the terms analytic. 
If x is within P, the first terms of (15) may, as seen above, have poles, the 
remaining part of the series converging uniformly, and accordingly w; (x) 
may have a pole. 

The values of w; (x), «++, wn (2) when used in (9) will furnish a solution 
of (1) which is analytic in the finite part of the plane save for poles within P. 

The solution which is obtained in this manner can be extended to the left 
as follows: let A;;(2) be the minor of the element in the jth row and ith 
column of A (a), and solve (1) for gi: (x), ---,gn (a), as we may do since 
A(a) #0. This changes the equations to the form 


j=l 
(¢=1, 2, n). 
The solution can now by (17) be analytically continued to the left. 

From this form of (1) we can also determine the location of the singularities 
of the solution without reference to those of h;; (a). Since the g’s are analytic 
in the finite plane exterior to P, it follows that, in their continuation to the 
left, singularities will be introduced only within P at the singularities of 
b(a+1), at the minors of A (2), and at the zeros of A(x). A singularity 
will in general recur at points congruent on the left. 


* The series asymptotically representing the sum, product, or quotient of any number 
of functions is found by adding, multiplying or dividing their respective asymptotic series 
according to the ordinary rules for convergent series, BoREL, Les Séries Divergentes, p. 30. 
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By using the first principal solutions of the homogeneous system, and the direct 
sum to the right, we have thus shown the existence of a first principal solution 
gir gor Gu of (1), which is analytic in the finite plane, save 
for poles near the negative real axis, congruent on the left to the singularities of 


(x), b(a2+ 1), and the zeros of A (2x). 


$4. The asymptotic form of the solution in the right half plane. 


We shall now investigate the asymptotic form of the solution gi, (2), 
go gni(®). Manifestly for this purpose it is merely necessary 
to consider more closely the terms of (15). The asymptotic form of the typical 
term has already been determined, and is given in (16). 

Before proceeding it will be convenient to introduce a simplification in 
notation. When f (2) is asymptotically represented by a power series s (x) 
of negative integral powers of 2, instead of replacing f (2) by the expression 
which is obtained on breaking off the series s (2) at some point and inserting 
$1), we shall put 


f = (ao; x], 


giving in each case the constant term a» and the argument xz in the series. * 


the remainder coefficient, (see footnote, 


The leading factor of (16) can be written 


(1+2) 
(1 4) (p;e* )™ 


the first factor of which is independent of m. We shall omit, for the present, 
this factor, so that we have to consider the series 


(e" | p;)™ 


m \ (2 +m) 
yt (m—1) 1+" : ) 


Consider in the first place the first / terms of (19), k< |2|, that is, the 
finite series 


(19) [dj; 7+ m]. 


e* | p; (e* / p;)° 
+3) 


( Pj 


(1 4- k) 


* This notation is similar to that used by Brrkuorr, these Transactions, vol. 9 
(1908), pp. 373-395. 


(20) 


[djs 


{ 
4 
x 
m 
| 
|| 
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and let us examine the first term in detail. We have 


1 J J 
( 
If then, in the series d; + d‘'’/(x+1)+ ---, we put 


) 
r+1 2 


the first term of (20) can be written 


d; (2 
where FE, (x) is a uniformly bounded function for || sufficiently large and x 
in the right half plane, since it is composed of remainder terms in uniformly 
convergent series and the remainder coefficients in asymptotic series.* The 
terms of (20) from the second on can be treated in the same way; but we notice 


that their expansions begin with a“, ---, respectively. The 
first k terms can therefore be written 
d; l Nuk (x) 


where 7, (2) is limited for x large in the right half plane. 

It remains now to consider the portion of (19) from the term m = k + 1 
on. We will find an upper limit for the sum of these terms. In the first 
place we notice that the factor 


+e (r+m) 
m\? 
(1 + *) 


which occurs in the denominator, is greater in absolute value than some quan- 
tity K, and in general increases with m, since 2 is in the right half plane. 
Also the expression [d;; 2 + m] can be replaced by a quantity larger in ab- 
solute value. Consequently the portion of our series from the (/ + 1)th 
term on is less in absolute value than the series whose general term is 


M 
KR | > |#(m—1) ’ 
K |x| Pj 
*To prove that f(z)~ao +a:/x2+ + -+-, we need show only that ¢% (2) in 
f(z) remains bounded for every k, since 
(2) = + and hence lim¢,(z) =0. This principle will be used in 
r= 


what follows. 
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where M does not increase with |x| and K does not decrease. This is a geo- 
metrical progression, whose ratio can be made as small as we please by taking 
|a| large. The sum of the comparison series is therefore of the order of its 
first term, which is 1/ | x |“*, since we are starting with m equal to k+ 1. 
This is of the same order as the last term of the expression found above for 
the first m terms, and consequently (19) can be written [d;/p;; x], where the 
series can be taken to as many terms as desired, since k was arbitrarily large. 
An expression for w;(x) will be obtained by multiplying [d;/p;; x] by 
(— 1)"**1, (see (15)), and by the first factor in (18), which was removed from 
(19). 
The quantity we wish to determine is w;(2)h;; (2). Therefore, since 
hj; (2) = x**(p;e™ )* x" [ 8:3; 2], we have 
(21) w; (x) hij (x) = ™ [(— d; 95; 2), 
Letting j = 1, 2, ---, m and adding one finds 
(22 gia (2) = x] 2, 


where 
dy 8i1 ds 


d,s, 


From (6) and (16’) we obtain 


(¢=1, 2, 


Let us now try to find series which will formally satisfy (1). Write 


(24) gi (x) = ( 


and substitute in (1). When we develop the resulting equations according to 
decreasing powers of z it is evident, on remembering that p > 0, that we can 
uniquely determine the successive constants g;, g‘'’, --- by comparing coef- 
ficients. The developments in all the equations start with 2’; equating its 
coefficients we find 


0 = 9; 2, 
j=l 
0 = 
From this we have for the first coefficient in g; (2) 


bAn; 
A 


(25) ge = (— 


if 

— 
q — n n 
q = 

4 
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where An; is the minor of the determinant A = | a;; | with reference to the ele- 
ment in the last row and ith column. 

We call the series g; (2), «++, gn (2) the formal solution of (1). These 
series are obtained by direct substitution, and in general diverge. 

Since the “i in the expression for gi; (2) and in the formal series 
gi (x) (@=1,2,-+-+,m) are of the same form, the question naturally arises 
as to Ww sre their coefficients are the same. We can show that this is the 
case in the following way. We know that gi (2), «++, gn; (a) as given in (22 
satisfy (1), and if we substitute this form of the solutions in (1) and compare 
coefficients of quantities of the same order we see that we must have — 


the same equations satisfied by h;, h‘”, --- that were satisfied by g,, g‘”, 
(i=1,2,--+-,m). Since these equations had unique solutions, this means 
that corresponding coefficients in the series g;; (2) and g;(#) (¢=1,2,--+-,n) 


are equal. 

Thus we see that the first principal solution is asymptotically represented 
by the formal solution in the right half plane. 

Although we have shown easily that the constants in the series for gi: (2) 
must be the same as those in the formal series g; (x), it is interesting to note 
that we can show by direct computation that h; is identical with g;. To do 
this we must eliminate the quantities p; and s;; from (23). 

When we substitute the formal series (3) in (2) and compare coefficients of 
x“* we find 


(ax — pj) = 0 (i=1, 2, 


where 6, = Oif i+k, and 6;;=1. Since p; is a solution of (4), the last equa- 
tions have solutions other than s;; = 0. The first n — 1 of them give 


n 
pj = Do Dik (¢=1, 2,-->,n—1)’. 
k=1 


If now we introduce the quantities p;, , pj;-1, pj+1, °** Pn into the succes- 
sive columns of the determinant S,; and eliminate the p’s by means of the 
above expressions, we obtain the relation 


(26) pj-i Pj+1°°* Pn Snj = An Si; + So; + + Ann Snj, 


where A;; and S;; are the minors of A and S respectively with reference to the 
element in the ith row and jth column, and where we have put Sn; = S;, 
the two being identical by definition. 

If in (26) we let 7 = 1, 2, ---, m, and substitute in (23), we find for i = 1 


= "be — 1)"bA, 


hy = 


n 
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In a similar way we can show h; = g; (1 = 2,3, ---,m). 

We summarize the results of this and the preceding section in the following: 

TueorEM I. If uw > 0, the system of non-homogeneous linear difference equa- 
tions (1) has a first principal solution gy. (2), goi Gni (x). All the 
constituent elements of this solution are analytic throughout the finite plane, save for 
poles at the poles of the functions a;;(2),b(a2+ 1), at the zeros of the determi- 
nant \a;;(x)|, and at points congruent to these points on the left. There exist 
n series gi(X), g2(%), +++, Gn (x) which formally satisfy the system (1), and 
whose coefficients can be determined by direct substitution. These series in gen- 
eral diverge, but when x approaches infinity in any right half plane, gi (x) is 
represented asymptotically by g; (x). 

This theorem is supplemented by Theorem II of § 6. 


§5. <A formal property of the direct sum. 


The solution of (1) which we have found was determined by making use of 
one of the sets of principal solutions of (2). The question now arises as to 
whether a different solution of (1) would be obtained if we used a different 
fundamental system of solutions of (2) and employed again the direct sum 
to the right. The answer is in the negative as will be shown. 

Let 11; (x), (2), +++, (@) (9 = 1, 2, +++, m) be any other funda- 
mental system of solutions of (2). From the theory of homogeneous systems 
we have 


(x) (2) hi; (2x), 


where the functions ¢;; (2) are periodic of period 1, and the determinant 
® (x) = | gi (x) | 

Denote by g; (2) (= 1, 2, ---, ) the solution of (1) arising from (27) . 
Then one obtains the formula analogous to (9), 


(28) (2) = 20; (a) (x) 
j=1 


222 [April 
since 
n 
4) 
n 
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where the functions 0;(2) (j= 1, 2 ts n) are to be determined. As 
before, let L (a2) denote the dete (2) |, and ZL; (a2) the minor of 
this with reference to the element in the last row and jth column; then we 
have by (15), since the work to that point was purely formal, 


From (27) it follows that L (x) = H (2) -®(x). Similarly, we can show 
that 
L; (x) = (2) Hy (2) + Bo; (x) He (2) + +++ (x) Hy (2) 

2, *** 5 

where ®;; (x) is the minor of © (2) with regard to the element in the ith row 

and jth column, and H; (x) is the function in $3. Therefore, since | (2) | 
and all its minors are periodic functions, we obtain 

(2) 

H (2+ 1) 


6;(2) = 


or by virtue of (15), 


x Po; x 
(x) n—j Eni 


Substitute the values just obtained for 0; (2), «++, 0, (a) in (28); we find 


+ (= (= 1) (2) (2), 


If we make use now of the values of 1;; (a) as given by (27), the last expression 
becomes, upon rearranging, 


(2) = (2) (= 1)" (2) (2) 


3 his (2) (- (a) Box (2) 


+ (= (2) (= (2) (2). 


. . . . . . . . . . . . . . 
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1) (2) (2) =} (2), if 


the above expression for g; (2) easily simplifies, and finally we have 
gi = w hin (2) + we (2) hig (2) + +++ + on (2) hin (2). 


Therefore 9; (2) = ga (x) (i=1, 2, ---, so that we have the same 
solution obtained in § 3. 

This result can be stated as follows: When the equation (11) can be solved 
by means of a direct sum to the right, the solution of (1) obtained by the method of 
variation of constants is independent of the choice of the fundamental system of 
solutions of the associated homogeneous system, for in this case the series which 
occur are convergent, and therefore can be rearranged as above. 


$6. The asymptotic form of the solution in the left half plane. 


By an application of the results of the last section we can determine the 
asymptotic form of the first principal solution in the left half plane. 
_ Take as the solutions of (2) the intermediate solutions hi; (2), hay (2), ++, 
hij (#1). (7 = 1,2, -++,n), of $1. Put 


n 


(30) gin = DG; (x) hi; (x) 


and apply the direct sum to the right in order to determine @; (2), ---, 
@, (2); a formal value of @; (2) will be 


| 
H’ (x+1) 


where H’ (x) = | hi, (x) |, and H; (x) is the minor of H’ (x) with respect 
to the element in the last row and jth column. The same convergence proof 
used in § 3 applies here, provided z is sufficiently distant from the real axis, 
since we have hi; (2) ~ 8:; (2) with regard to v in the right half plane. 

According to the result of the last section this new solution must be identical 
with the first principal solution. As derived above it is known to exist only 
at a sufficient distance from the whole extent of the real axis. 

The typical term of (31) will again have the asymptotic form (16), the re- 
presentation holding with regard to z in the left, and with regard to v in the 
right half plane. To find the asymptotic form of the series, divide it into two 
parts: the first k terms, where k is such that z + k+ 1 = 2; is a point in the 
right half plane near the imaginary axis, and secondly, the remaining terms. 

Take first the case where x approaches infinity along any ray making an 


(31) (2) = (= 


224 [April 
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acute angle with the negative real axis. The first / terms can again be written 
in the form (20). By the definition of k we have in this case k < | 2|, so 


that the quantity 
m 
(1+) (m<k) 
x 


which appears in the denominator of the typical term can be developed in the 
same way that the first term of (20) was treated, since all the expansions are 
valid if m<|a2|. Thus we have immediately that the first & terms of (31) 
when multiplied by hi; (x) can be put in the form (21). 

Consider now the terms of (31) from the (k+ 1)th on. They can be 
written 


m=0 H’ (a + m ) 


(21+ m) H; 


Since 21, 21+1, --+ are points in the right half plane, the asymptotic form 
of the typical term of this series is again given by (16), the representation 
being now with regard tov. The series therefore takes the form 


(e* 


m=0 (21 - m 


(32) Mn (a1 +m), 
where M,, (2; -+ m) remains uniformly bounded for | v | large. 

Let = E+ 1; then we can so choose 2; that 
pu; +&—v>O0. We can also choose x so that the sign of ww + ¢ is the 
same as that of v. It can then easily be shown that the absolute value of the 
denominator of the (m+ 1)th term of (32) is greater than |ay“@*™*"” |. 
The absolute value of (32) is therefore less than 


M | |™ 


| xy m=0 | at 


where M is a constant not depending onz. Since | e“ / 2 ¢ p; | can be made less 
than unity, the sum of the last series is 


(< (< y | 
pj | \ pj 
where WM’ is bounded. 


The terms of (31) from the (k+1)th on are also to be multiplied 
by hj; (2), the absolute value of the principal part of which is 
| a |( From (33) the absolute value of the product 


M’ 
(33) 
lay 


is seen to be less than M’ | a |*"**| p;e~* |""“. This vanishes more rapidly 
than any power of 1/2 along the rays considered, inasmuch as | p; e~“ | is 
constant; for along these rays u increases negatively. Consequently the terms 


| 
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of (31) from the (/ + 1)th do not affect the asymptotic form of @; (2) hi; (a), 
which is therefore given by (21).* 

It remains now to consider the case where x approaches infinity parallel to the 
negative real axis at a sufficient distance from it. A slight modification in the 
treatment of the first / terms must be made, for the quantity (1+-m/x)"~"**7*™” 
cannot, in all the terms, be developed as before, for in the last terms | m/ x | 
will approach very close to unity. The modification to be made is apparent: 
we divide the first / terms into two parts; the first / of them, where, for instance, 
1 is the smallest integer such that |2+/7|< 3.2] (such a choice is always 
possible when x goes to infinity parallel to the negative real axis ), and secondly 
the remaining terms. 

The first / terms when multiplied by hi; (x) will again have the asymptotic 
form (21). We can show readily that the second group of terms when mul- 
tiplied by the same quantity will contribute nothing to the asymptotic from 
of @; (2) hi; (2). The details of the argument are similar to the treatment 
of the terms after the kth, and we will merely outline them in a note.+ 

For this case we therefore have again that @; (2) hi, (x) is given by (21). 
From this it follows immediately that gj; (a) ~ g; (2) in the left half plane. 
Remembering that the new solution is identical with the first principal solution, 
we have: 

TueoreM II. Jf u > 0, the first principal solution is asymptotic to the formal 
series in the left half plane at a sufficient distance from the real axis.t 

*If where +--+) along some ray, 
while @ (xz) becomes small of order 1/a*!(a>1), then f(x)~2" (ay 
since 1/a* is smaller than any power of 1/ z for x large. 

+ The terms in question can be written in the form (382), 1=m=k, and z replacing 
z,. Wecan show first that the absolute value of the typical term would be increased if we 
changed (x2 + m)#*+"%~-» in the denominator to (xz + 1)#*+%-», and the factor (2 + m)#™ 
to «*"", where xo is the smallest in absolute value of x +1, ---,2+k. Weobtain then fora 
series greater term by term in absolute value, a geometrical progression, which can be summed, 
the sum being less than 


ul < (em |, 


since <1,and|zx+l|<|z/2|. The product of this and the absolute value of the 
ry Pj 
leading factor of the asymptotic form of h;; (x) is easily seen to be 


M |x\v Quuté 
Dv 


M | 


(2 =u+vV—1). Since u is practically equal to —|z|, and M is a fixed number, this 
decreases more rapidly than any power of 1/z. 

t It should be noted that the asymptotic character of this solution of the non-homogeneous 
equation is somewhat different from that of the solutions of a homogeneous equation. For 
instance, the asymptotic form of (2) holds only for — 7 < argz <7. That functions 


2 
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It is interesting here to refer to (17). The quantities A;;(a2)/A (x) 
(j,7=1, 2, ---, n), which occur there have zeros of order uw at infinity. 
Consequently, if we assume that there exists a constant A such that lim 2* g;( x) 
= k;, k; finite, as x approaches infinity parallel to the negative real axis, 
equation (17) gives 


j= 


bA,; b; 
From this relation we see that we must have 
bA,: 


so that 


ga (x) = | (= T+ | (iui, 3, 


where ¢; (2) tends to zero as |2| becomes infinite. From (24) and (25) it 
is clear this is obtained by breaking off the series g; (2) after the first term. 


$7. The second principal solution for > 0. 


We shall now show the existence of a solution of (1) defined throughout 
the finite plane, and whose asymptotic form is known in the whole left half 
plane. It will of course differ from the first principal solution merely by a 
solution of the homogeneous system (2). 

Take as solutions of (2) the principal solutions on the left, that is, hi; ( x), 
he; (x), hn; (x) (7=1, 2, ---, where hi; (x) ~ in the left 
half Put 


(34) giz = (x) his (x) (t=1, 2, +++, m). 
j=l 
We find in precisely the same way as before 
b(a+1 r+ 1 
(35) Aw; (x) = (— 
H (x + 1) 

where // (2) is the determinant | hij (x) |, while i; (x) is the minor of this 
with respect to the element in the last row and jth column. 


If we attempt to solve (35) by the direct sum to the left, which we would 
naturally try in this case, the series obtained is found to diverge. We can, 


actually exist with the property specified in Theorem II can be shown by considering the 
series 1/2 +1/(2+1)?+1/(@+2)3+---. It is easy to prove that this function is 
asymptotic to its formal expansion in powers of 1 / x, with regard to x, for — 7 < argz <7, 
and also for arg = + 7, provided that |v| >a >1, wherer =u+vV—-1. 
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however, apply the integral formula (14). To prove this, we note first that 
the situation of the singularities of Hi; (x), and the fact that H (x) ~ | 8; (x) | 
with regard to v in the right half plane, show that the expression on the right 
in (35) is analytic outside some region D, such as was described before. 
Accordingly the expression 


dt 
( 6) (x) ( 1) H (t+ 1) ern 1 


will formally satisfy (35), and in case the integral converges suitably it will 
represent an analytic solution. The contour L is the contour 0 AB © used 
earlier. 

To examine the nature of the integrand we make use of the intermediate 
solutions; for although, as noted above, H(t) is asymptotic to the deter- 
minant | s;; (¢) | with regard to v in the right half plane, the minor H; (t) 
is not asymptotic to the corresponding minor of | s;; (¢)|, unless 7 = n, 
(see § 1). , We therefore replace the elements of H; (x) by their values as 
given by (8). When we do this, the resulting determinant can be simplified so 
as to give finally 


(37) Ay (x) = Hy (x) + gins (2) + +n (2) Mi (2), 


where, as in the preceding section, H; (x) is the minor of H’ (x) = | hi; (x) | 
with respect to the element in the last row and jth column, while ¢j4: (2), 
+, gn (2x) are periodic functions, and are analytic at a sufficient distance 
from the real axis. 
The first factor of the integrand in (36) can now be written 


H(t+1) ~ Ht (t+1) 


When we make use of the asymptotic form of the quantities involved, the 
first term of (38) becomes, (see (16)), 


| \ ttl (1) 

where 7; (¢) is limited, decreasing for large |v| (¢= u+voV—1). When 
| » | is sufficiently great it is evident that (39) will decrease along A% and Boo 
in approximately the manner of an exponential function, inasmuch as we are 
assuming u >0. Since the functions ¢j4; (t), ---, gn (t) are periodic and 
limited along any line parallel to the real axis, like results hold for all the terms 
of (38). The quantity (e2t(z-o*-1 _ |] ) remains finite along L; conse- 
quently the integral will converge in such a manner that @; (2) is an analytic 
function outside of the region D. 


(38) , @)=1 
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With these values of @; (2), equation (34) gives a solution of (1) analytic 
on the left outside of D. This solution can be extended to the right by means 
of the equations (1) themselves. From the fact that a;; (x) and b (z+ 1) 
are analytic in the finite plane outside a certain circle, the extended solution 
can have singularities only at points congruent on the right to the singularities 
of aj; (x) 

We now come to the asymptotic form of the solution. For this purpose we 
break up the contour L into two contours, LZ, and J» in the way that Birkhoff 
has done.* Here [; is a fixed contour 2 AB, outside of which the integrand 
in (36) is analytic, and in case x lies between A and Boo extended to the 
left, Lz is a loop circuit around z and the first point, 2 + /, to the left of AB, 
that is congruent to 2; while if z is above A or below Bo , I» is a loop circuit 
to infinity parallel to the positive real axis. In either case LZ; and JL are 
together equivalent to L, and LZ, can be deformed so that no point congruent 
to x falls on it. 

Lz 


A 
L, 
B 


Fia. 3. 


Denote the parts of @; (2x) arising from LZ; and Lz by @ (x) and a” (x) 
respectively. Then 


(40) gi2(x) = (2) (2) + DBP hy (t= 1,2, +++, m). 


Consider first the case where z lies between A and Bo; we have 


(41) a? (2) = m ) 


The asymptotic form of the typical term is again given by (16). Also we see 


* The reason for this is evident. The singularities of the integrand in (36) are at the con- 
gruent points z,z+1,2-+2,---, due to the zeros of e2m(2—v—1 1, and the fixed singu- 
b(t+1)Hj(t+1) 

H(t+1) 
dues at the first points will produce a series of the form (13), and the sum of the residues at 
the last points will be a periodic function. It is therefore natural to consider the two different 
groups of terms separately. 


larities of , which are in the vicinity of the positive real axis. The resi- 


Trans. Am. Math. Soc. 15 


eo 
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| 
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that precisely the treatment applied to the first k terms of (31) for the case 
where x approaches infinity parallel to the negative real axis, holds for (41), 
provided AB is taken far enough to the left. Therefore a (zx) his (x) is 
again given by (21), so that we have 


(42) (x) his (2) ~ gi (x) 


for x between Aco and Boo. 
Next let z lie above A or below Bo; then (41) is replaced_by the infinite 
series 


(x +m) A; (x+m) 
(2) = © , 

Since the fundamental system hij (x), ho; (z), °°, hn, (x) can be expressed 

in terms of the solutions hy; (2), ho; (a), «++, hnj (@) (9 = 1,2, °°-,n), 

it follows from the results of § 5 that 


43) = hy (2) = gale) 


But we have found that gi (2) ~ g; (2) along any ray making an angle 
with the negative real axis, or parallel to that axis at a sufficient distance 
from it. We see then that (42) is true throughout the left half plane. 

We still have to examine the quantity a(x). J, is a fixed contour, so 
that @ (x) is periodic, and, moreover, its absolute value will have a finite 
upper limit. Furthermore, we can write 


b(t+1)H;(t+1) dt 


(2) = 


The integral approaches a constant, C;, when x approaches infinity along the 
negative imaginary axis, so that 
(44) lim (x) = C; (for arg 


From (36) itself we see 


where c; is constant.* 

Consider now the product & (x) hi; (2). It can easily be shown that 
the leading factor x"* (p;e~" )*zx” in the asymptotic form of hi (x) vanishes 
more rapidly than any power of 1/ z along any ray in the left half plane, includ- 
ing the positive axis of imaginaries. Then, since a) (2) remains bounded, 
@) (x) hi; (2) will also vanish more rapidly than any power of 1/ z, and con- 


* The inversion of order of the double limits employed here is easily justified. 
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sequently it will not effect the asymptotic form of @; (2) hij (x), so that 
3 
giz (x) ~ gi(x) (5 =arez < 


By using the second principal solutions of the associated homogeneous 
system, and expressing the sum formule by contour integrals to the right, we 
have thus proved: 

THeorEM III. If u>0, there exists for (1) a second principal solution gi2 (x), 
goo (%), +++, gno (x) analytic throughout the finite plane, save for poles con- 
gruent on the right to the poles of ai;(x) and b(x+1). This solution is 
such that gio (x) ~ gi (x) when x approaches infinity along any ray in the left 
half plane, inclusive of the positive imaginary azis. 


§8. The relation between the principal solutions. 


The difference between any two solutions of (1) is a solution of the homoge- 
neous system (2). To determine the relation between the principal solutions 
we make use again of the second principal solutions of the homogeneous 
system. We know that we must have 


(#) — ga(2) = 4; (x) his (=1,2, 0), 


where the functions 6; (2), --+, On (a) are periodic. We have really already 
determined these periodic functions in the form of contour integrals; for a 
comparison of (40) and (43) with the above expression shows immediately that 
we must have 6; (2) = @ (a) when z is sufficiently distant from the real axis. 
The functions (2), are therefore analytic at a sufficient 
distance from the real axis, and as they have no essential singularities in a 
period strip, they are rational functions of ¢**“~'.* Thus we can write 


m; (7) 
(2) => 


de (fj =1,2, +++, mn), 


k=—n,; 


where m;, n;, n;, and q, are positive integers, and DY}, dZ’ are constants, 
while a;; is a fixed point. 

When we remember the identity of 6; (2) and &} (a), for 2 sufficiently 
distant from the real axis, we see from (44) that we must have 


@=0, 


Di = C;. 
k= 


* Oscoop: Lehrbuch der Funktionentheorie, I, 1st edition, p. 404, or 2d edition, p. 466. 


j= 1,2, 
(46) (j n) 
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Likewise from (45) we have 


Cj; 


The relation between the principal solutions is accordingly given by 


DY? 
j=! 


k=1 =1(e 


with the conditions (46) and (47). 


§9. The case p< 0. 


We have thus far explicitly assumed that yu is positive. We shall now in- 
dicate the treatment for wu negative. 

The series (15) diverges in this case, and so the direct sum to the right no 
longer furnishes a: solution; but if we apply the direct sum to the left to 
(35), we can show, by using the asymptotic form of the terms, that the series 
so obtained will converge uniformly at a sufficient distance from the positive 
real axis. 

By means of a direct sum to the left we thus establish the existence of a 
solution analytic in the finite plane save for poles at the poles of a;; (x2) and 
b(x2-+1) and points congruent on the right. This solution corresponds to 
what was called the second principal solution when uy is positive. 

If now we take the first principal solutions as solutions of the homogeneous 
system, it can easily be shown that the resulting sum formule can be taken 
to be contour integrals about a contour to the left. This gives a second 
solution of the’ non-homogeneous system analytic in the finite plane at a 
sufficient distance from the negative real axis, with its singularities at those 
of aj; (2), b(a+ 1), and the zeros of A (2), or points congruent on the 
left. It thus corresponds to the first principal solution for up > 0. 

These solutions will, as before, be asymptotic in the left and right half 
planes, respectively, to the series formally satisfying the equations, the first 
of them maintaining its asymptotic form in the right half plane at a sufficient 
distance from the positive real axis. The formal series have, however, a 
somewhat different form, and now are 


[April 
d = 0, k< 0, 
(47) Vk DY, (j=1, 2, n). 
k=1 ( 
(t=1, 2, 
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1) 
gr.) (2 = + 


For if we substitute expressions of this form in the equations, and compare 
coefficients of like powers of 2, it is evident that at each stage we shall have 
n equations in which there are n unknown coefficients and coefficients pre- 
viously determined. Thus the coefficients can be calculated uniquely. In 
particular we have 

gi = a;,b (t=1, 2, ---,n—1), 


g=b. 


A ease of interest, and one which will be used later in the treatment of the 
equation of the nth order, is that where a;;(2) = 0,forj7+i+1,i+n. In 
that case the formal series become 


F gi? 
where 
Ji = Qj, 4-2 °°* b n), 
(50) 
gn = b. 


We can also show the existence of solutions for the case u < 0 in a second 
way by referring it to the case x» > 0. When we remember the definition of 
A (x), Aji (a), the system (17) can be written 


where 
= 
b (2) (0 b= (- J 
z A 
If now we put «= — (z+1), gi = gi (— (2 +1)) =gi(2z4+1), 
and uw = — A (A > 0), this system can be written 


(2 +1) = Dey (2) (2) + (2 +1) (¢=1,2, +++, nm), 


gi (x)= 
dis (2) 1) + ( 
(t= 
> nm), 
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where, when |z| 


(1) A 
(2 ej = 1) 


(1) 
bi (z) = + = (— 
Since \ is positive the previous existence theorems can be applied. The sub- 
stitution x = — (z+ 1) shows that the réles of right and left half planes 
have been interchanged. 

We can summarize the above results as follows: 

When uw < 0, first and second principal solutions exist and have their singu- 
larities at the same points as before. The first solution is asymptotic to the formal 
series in the right half plane; the second solution is asymptotic to the same series 
throughout the left half plane, and also in the right half plane at a sufficient distance 
from the real axis. 


$10. The case p = 0. 


It still remains to consider the question of solutions for the intermediate 
case » = 0. It will appear that at times this case is exceptional. 

We shall first examine when the solutions, as found on the hypothesis that 
uw >O0, are valid when we put »= 0. Consider the equation (15), and let 
us see under what conditions the series will still converge. The typical term 
can now by (16) be written 


(x + m 


[d;; 
P; 


If | p;| >1, we shall have a series in which the terms decrease in practi- 
cally geometrical fashion, so that the series converges uniformly. Since 
lp. |< | pil(t< n), the series for (2), w,(2) will all converge if 
|p,| >1. The first principal solution as found for yu > 0 therefore still 
exists for u = 0, if | p,| >1. Under this same condition the second principal] 
solution for u > 0, given by the contour integrals, is also valid. For in this 
case (39) can be written 


(t 
(4 4 


J 


and this expression decreases along A © and Bo in such a way that the 
integral in (36) converges. 
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We can then say: If every root of the characteristic equation is greater than 
unity in absolute value, we can consider the case yp = 0 as a limiting case foru >0. 

In a similar way we can show that: When all the roots of the characteristic 
equation are less than unity in absolute value, the case 4 = 0 can be considered 
as a limiting case for p< 0. 

We still have to determine whether we can make the sum formule valid 
if (1) some of the roots of the characteristic equation are greater in absolute 
value than unity and others less, or (2) some of the roots of the characteristic 
equation are equal to unity in absolute value. 

Consider the first case. Let pi, ---, px be greater than unity in absolute 
value, and px41, «+, pn be less. Then, if we take as solutions of the homo- 
geneous equations the first principal solutions, we can use for the sum formule 
for w; (2), «++, wy (2) the direct sum to the right. We will next show how to 
eXpress wyi1 (2), Wn (x) as contour integrals. As the work is similar 
for all of them, we shall consider the equation 


(51) (2) = (— 1) Heys +1) 


H (x+1) 


If x is in the right half plane and is sufficiently large, we know by (16) 
that the right-hand side of (51) can be written 


1 
dizi; +1]. 


In $1 it was stated that there is a set of intermediate solutions of (2) that are 
asymptotic to the formal series in the right half plane with regard to 2, and 
with regard to v in the left half plane. Suppose these were the solutions of 
the homogeneous system that we were using; we could then write 


(51’) (2) = (— «+ 1], 


k+1 


where [ d,41; 2 + 1] is bounded for x large in the right half plane and for 
large in the left half plane. Since | p.4,:|< 1, it is evident that for v large 
enough the above value of Aw,;; (2) decreases, when x goes to infinity in a 
direction parallel to the negative real axis, approximately as an exponential. 
The equation could then be solved by means of a contour integral sum to 
the left. Return now to the consideration of equation (51). The first prin- 
cipal solutions can be expressed in terms of these intermediate solutions by 
equations similar to (8), and reference to (37) and (38) shows that the right 


H 

| 

{ 

i 

a 

i 
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hand side of (51) would be replaced by a group of terms such as the one on 
the right in (51’) in which every p is less in absolute value than unity. From 
this we see that wz: (2) can be expressed as a contour integral about a con- 
tour to the left, and similarly wz (2), +++, wn (x). 

If, therefore, we use the first principal solutions of the homogeneous system, 
and divide the resulting sum formule into two groups, according as they correspond 
to roots of the characteristic equation greater in absolute value than unity, or less, 
we can express the first group by a direct sum to the right, and the second by a 
contour integral to the left. Thus we have the first principal solution of the 
non-homogeneous system. 

In a similar way we can show that if we use the second principal solutions 
of the homogeneous system, and divide the sum formule as before, we can 
solve the first group by a contour integral to the right, and the second by a direct 
sum to the left. This gives a second principal solution. 

The only remaining case is that in which some of the roots of the characteristic 
equation are equal to unity in absolute value. This case has not been com- 
pletely investigated for the homogeneous system. Here, in certain cases, at 
least, a modified sum may give a convergent series. An example of this is 
the equation occurring in the Weierstrass development of the gamma function, 
namely the equation 


1 
g(x+1)—g(2) 


The direct sum to the right is 


1 1 


which diverges, while the modified sum 


is also a solution, and converges. 

When yp = 0 the asymptotic form of the solution requires a slightly different 
treatment. Take the case where all the roots of the characteristic equation 
are greater than unity in absolute value, and consider the asymptotic form of 
the first principal solution. 

We need only find the asymptotic form of w; (x) hi; (2), where 


(e+ 


[dj; x+m]. 


(a) = r+m 
m=1 Pj 


| _ 1 1 
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Take the first & terms of w; (2), where |x| —1< k = 4| 2]; we can write 
them in the form 


v—r; 


P; m=1P; 


In all these terms the expression (1 -+ m/2)’—” can be developed in a series 
in 1/2, since |m/a|< 1. There is a marked difference, however, between 
these developments and those for the case u > 0 as given in $4. In the 
present case each of the k terms of the summation when expanded will contain 
a constant term, while in the corresponding expression (20) in the former case, 
the first term alone when expanded contained a constant term, the others 


beginning with a“, ---,a~*-)*, The final constant term in the present 
instance will evidently be d; 2. :p;”. When & increases this approaches 


m=1 
d;/(p;— 1), since |p;| >1. The first & terms of w; (2), when multiplied 
by hi (a), can therefore be written 2], where approaches 
d; 8i;/ (p; — 1) as k increases. 

The terms of w; (2) after the kth behave ultimately like a geometrical pro- 
gression, since the ratio of successive terms obviously approaches 1/ p; as 
the number of the terms becomes large. It follows then that the remainder 
after k terms in the series for w; (2), is, provided k is large enough, of essenti- 
ally the order of the (k + 1)th term, which is M (2+ where 
M is bounded. The product of this and h;; (2) can be written 


where | M | is less than some fixed constant. Since k increases in a constant 
ratio to 2, this becomes smaller than any power of 1/ x, so that we have ulti- 
mately w; (2) hi (a) = x” where approaches dj s;;/(p; — 1) for 
k large. 

In this way we can determine the asymptotic form of the solution, and we 
are led to try to find formal solutions of the form 


gi (x) = (i 


That the coefficients in these expressions can be uniquely determined so as 
to satisfy the equations can be shown easily by substitution. In particular 
we find 

bA; 


{ 

1 

{ 
1 

| 

| 

4 

if 

i 

| 
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where A is the determinant | a;; — 4;;|, (4; = 0, if i + j, 6% = 1), and A; 
is the minor of A with reference to the element in the last row and ith column. 
Also we find again that the first and second principal solutions are asymptotic, 
in the right and left half planes respectively, to the series formally satisfying the 
equations. 


$11. The equation of the nth order. 


We shall consider a single non-homogeneous equation of the nth order, 
which we write in the form 


(53) +4, (2) g(x) =b(2). 


The functions a; (2), «++, @, (2), b (2) are assumed to be rational, so that 


we have 


a‘) 
a; (zx) = +), 
(for |z|>R). 


bo 
b (a) = (0+ 
In place of the single equation (53), consider the system 


gi (a +1) = ge (2x), 


go (x+1) = x* (x), 


(@ +1) = g, (2), 


(2) 


(54) 


(D042) 


If from these equations we eliminate g2 (x), «++, g, (x), we shall find that 
91 (x) satisfies (53), so that the system is equivalent to the original equation of 
the nth order. When we expand the quantities (1+ j/x)*, which occur in 


, 
. . . . 
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the last equation above we find that that equation can be written 
gn 1) = G(x) gi (a) + ge (4) +b(x+1), 


where 


a; (x) = (ani + +), 


po 


so that the system is of precisely the form (1). The determinantal charac- 
teristic equation reduces to 


(55) + a; + +a-1p +a, = 0, 


which can therefore be found directly from (53). 

We can now apply to the system the existence theorems already estab- 
lished, and we thus have solutions g; (2) of (53) in all cases except when uy is 
zero and some of the roots of the characteristic equation are equal to unity in 
absolute value. 

The asymptotic form of the solutions of (54) can be determined by applying 
the general results for a system (for up <0, apply (49)). In each case it is 
found that the solution g;(2) is asymptotic to the series formally satisfy- 
ing the equation (53). This formal solution is now 


g(2)=2™(g +O +--+) (for np >0), 
g” 
(forn=0), 
(for u>0), 
(for » <0) 


(foru =0). 


+4, 


The constant term can in all cases be found either from the known form of 

the constant term of the solution of the corresponding system (for » < 0, 

apply (50); for u = 0, use (52)), or by direct substitution in equation (53). 
We can now state: 


| 
where 
b 
j 
| 
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TueoreM IV. Jf u =0, and all the roots of the characteristic equation (55) are 
different from zero, the equation (53) has two principal solutions g; (x) and gi (x). 


The solution g; (a) is analytic in the finite plane save for possible poles at the 
poles of a, +++, b (x), at the zeros of a, (2), or at points con- 
gruent on the left; while g; (x) is analytic save for poles at the poles of a, (x), 
++, (2), 6 or points congruent on the right. If = 0, the same is 
true provided in addition that none of the roots of the characteristic equation are 
equal to unity in absolute value. There exists a series g (x) formally satisfying 
(53), and in all cases in which we have shown the existence of solutions we have 
gi (x) ~g (a) in the right half plane, while g; (x) ~ g(x) in the left half 
plane. 
PRINCETON UNIVERSITY, 
May, 1912. 


AN APPLICATION OF FINITE GEOMETRY TO THE CHARACTER- 


ISTIC THEORY OF THE ODD AND EVEN THETA FUNCTIONS* 


BY 


ARTHUR B. COBLE 


Ordinary projective geometry has long been recognized as an important 
instrument of investigation in other and apparently quite distinct fields, such 
as the theory of equations and the theory of functions. One of the objects 
of this paper is to show that a similar purpose is served by the more recently 
formulated} finite projective geometry. It may be said with some logical 
justification that this coérdination between different subjects is due to their 
common use of a certain body of abstract theorems. But there are notions, 
such as that of projection and section, which are so essentially geometric 
in their origin and significance that their import can only. be clouded by viewing 
them in another or more abstract light. 

The characteristic theory of the odd and even theta functions has been the 
subject of numerous memoirs since the appearance of the original papers of 
G6reL and Rosennarin. An excellent account of the present state and a 
valuable history of the development of this theory is given by Krazer in his 
Lehrbuch Der Thetafunktionen.t As a matter of convenience KRazErR’s 
notation and formule are used in the following. For known theorems also 
reference is made to Krazer, since often they appear in the original in misleading 
or distorted form. 

The following account is essentially geometrical, the principal notions used 
being those of linear and quadratic dependence, of the null system, and of 
projection and section. Practically all of the known theorems are reproved 
by short and direct methods, which in many cases suggest important general- 
izations. ‘Two ideas, that of “ projection and section of a null system ” and 
~ * Presented to the Society, February 24,1912. Written under the auspices of The Carnegie 
Institution of Washington. 

+ VEBLEN and Bussey, these Transactions, vol. 7 (1906), pp. 241-59. Much of 
Dicxson’s Linear Groups can be interpreted as finite analytic geometry. Cf. also the author’s 
artitle, A Configuration in Finite Geometry, etc. Johns Hopkins University Cir- 
culars, No. 7, 1908; and MitcHe..’s Determination of the Ordinary and Modular Ternary 
Linear Groups, these Transactions, vol. 12 (1911), pp. 207-42. 


t Leipzig (Teubner), 1903; particularly, pp. 239-304; cited hereafter as K. 
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that of “ section of a null system,” are constantly utilized. The grouping of 
characteristics due to the first of these has been employed to some extent by 
FROBENIUs; the grouping due to the second seems to have been noted only 
in a few particular cases. 

§ 1 contains an elementary account of the finite geometry (modulo 2) in 
a linear space in which there may or may not be defined a null system. It is 
shown in § 2 that the period characteristics behave like the points of an S2,_; 
with reference to a given null system C. Quadrics in S2,-; are studied in 
§ 3; in particular, those whose polar systems coincide with the null system C. 
In § 4 the theta characteristics are identified with the quadrics belonging to C. 
By mapping the quadrics belonging to C upon a space R2,, the period and 
theta characteristics are shown in § 5 to lie in a linear system. Numerous 
theorems concerning Steiner and Kummer groups are proved here. §6 is 
devoted to the so-called systems of theta characteristics. In the earlier para- 
graphs translation schemes for the transition from the geometry to the char- 
acteristic theory are exhibited. 

I think that even a hasty comparison of the presentation here given with 
the arithmetical method followed by Krazer and others will show that the 
geometrical point of view is very valuable, not only for suggesting novel ideas 
but also for giving precision to ideas* with consequent generality of statement. 


$1. The Finite Geometry Modulo 2. 


Let 2, 21, «++, 2 be homogeneous coérdinates in the linear space S; 
in which the coérdinates of points and the coefficients of loci are restricted to 
the finite number field determined by the modulus 2. The coérdinates can 
take either of the values 0 or 1 but cannot all be zero. If P; is the number 
of points in S;, then 


(1) P, = 21-1, P, — P, = (E>). 
An S,_; in S; is defined by the equation (congruence) 


or equally well by the coérdinates uo, u1, ---, uz. Thus (2) is the condition 
that, in S;, the point x and the S,_; u be incident. In this geometry the 
fundamental theorems of linear dependence and duality are true; and only 
those developments which differ essentially from the corresponding develop- 
ments of ordinary geometry will be considered in detail. 

(3) Given n linearly independent S;—1’s in S;, the number of pownts on m of 


* See the closing remarks. 


q 
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these and not on the remaining n — m S;~1’s is 2*-**! if m <n, — 1 
ifm=n.* 

Let z; = 0, 2m = O be the set of m S,_1’s; and = 0, ---, 2, = 0 
be the set of n — m S,_:’s. If m < n, the required points are those on the 
n—1 S,-1's 


21= 0, +++, = 0, tm=O0, mi ta=dO0, 


which are not on z, = 0 (since %mi1=1, +--+, 2%, =1modulo2). Then—1 
spaces meet in an S,-n4;: which cuts z, = 0 in an S,,. Thus the required 
number is Py-n41 — Pi» = 2*-"*!. But if m = n the required points are 
in an S;_, and are P;_, in number. 

The k + 1 points whose equations are u; = 0 are linearly independent and 
constitute a point reference basis in S;. Also the k + 1 S;_:’s whose equations 
are x; = 0 constitute an S,_; reference basis in S;. Either basis determines 
the other and the two constitute a self-dual reference basis of S,. A point 
reference basis in an S,_; and a point not in the S,_; determine a point re- 
ference basis in S; and each basis is thus determined in k+ 1 ways. If 
R,, is the number of reference bases in S; we have, since the number of the 
is P;, the recursion formula 


Pe (Ps — 
Ri = k+1 


(4) The number R,, of reference bases in S; is 


P, Ry-1. 


Dk(k+1)/2 


R, = Pi. 


An S, in S;, where h < k, is fixed by choosing h + 1 linearly independent 
points in S;; but the same S, can be thus fixed in R, ways. The A+ 1 points, 
when ordered, can be chosen in 


Py (Pe — Po) (Pi — Pi) (Pe — 
ways. This number divided by R,-(h-+ 1)! is the number of S,’s in 


S,. Hence, from (1) and (4), 
(5) For h < k, the number P{ of S;’s in S; is 


Px Pri +++ 
Pi 


PY = 


We shall be concerned mainly with an odd space S2,-; and codrdinates 
***,Xep. Aset of 2p + 1 points must be linearly 
related. A set of 2p linearly independent points, e. g., uw. = 0, --+, wp=0, 
p. 247, III. 
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determines uniquely a (2p+1)th point, + + uw, = 0, such 
that any 2p of the 2p+ 1 points are linearly independent. Call such a 
set of 2p + 1 points a point basis in Szp-1. According to the dual of (3) 
there is a unique S2,-» which is not on 2p points of the basis and therefore 
must be on the (2p + 1)th point. If 


2p 
Vi, 
i=1 
the set of 2p + 1 such S2,_»’s derived from the point basis is 


o — %2, = 0, 


Evidently any 2p of these are linearly independent and the set constitutes 
an Sep» basis in Sep. The relation between the point basis and the 
basis is mutual. The basis can be defined similarly in an even dimension, 
the peculiarity of the odd dimension being that corresponding point and S2,~» 
are incident. The two bases constitute a self dual basis in S21. 

(6) In a self dual basis of Sop, there are 2p + 1 incident elements (point, 
Ssp2). Anyset of 2p points [2p S2p-2’s] of the basis is a point | S2p2] reference 
basis. 

A point basis is fixed by any one of the 2p + 1 point reference bases in it. 
Hence, from (4), 

(7) The number of reference bases in Sop, is 


Ne= (2p)! 


Pop-1 Papo +++ Pi. 


The number of bases is 


A collineation in S2,-; is determined when two ordered point bases are 
made to correspond; a correlation is determined when an ordered point basis 
and an ordered S2p-2 basis are made to correspond. The totality of colline- 
ations or correlations is gotten by fixing one basis and allowing the other to 
vary, whence the number of each is the number of ordered bases. 


(8) The order of the collineation group in Sp, ts 


N= (2p + 1)!Nzg= (2p)!Ne= 1 eee P;. 


N is also the number of correlations in Szp-1 and 2N is the order of the corre- 
lation group in Sep-1. 

Of particular interest are those correlations for which corresponding point 
and Se,-2 are incident, the so-called null systems. If y;=0,7=1,2,°---, 
2p + 1, is an Sop» basis, 


| 
| 
| 
r 
| 
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(9) C=yyityoyst =9, Zy=0, 

is a proper correlation. Since Ly? = (Ly )* (mod 2), the correlation is a null 
system. For the ith point of the self dual basis, y; = 0, and y, = 1, k +7, 
whence the ith point of the basis corresponds to the ith S2p_» or the self dual 
basis y is invariant under C. Moreover, given any null system C, there are 
self dual bases invariant under C which are determined as follows. Let 2; 
be any point of S.,-1 (Psp; choices), and let w; be its null S2,.. Let 2 
be any point not on w, (27?! choices), and we be its null S2:,.. On the S, 
2 22, W; and we cut out a reference basis and one point of S; lies on neither 
w. Let then zs be any point not on w; or w, and not on 21 2 (Pe p-3 choices) 
and ws; be its null Sep». The S2 2 22 23 is in w; + we + ws since w; is on 2; 
but not z; and z,. Thus w,, we, ws; cut S2 in a pencil of S;’s and every point 
of S. is ona w. Let then z; be a point not on w,, we, w3 (2°”~* choices), 
and wy, be its null S.,.. The S3 2, 22, 23, 24 is not contained in an S2,-» 
on the Sop-5 wi, We, W3, Ws, Whence the w’s cut the S3 in 4 linearly inde- 
pendent S»’s containing all but one of the points of S;. Let then 2; be 
a point not on w,, ---, ws and not in the S3 (P2,-5 choices), and ws be its 
null Sop.. The S42, ---, 25 is contained in w; + --- + ws, whence every 
point of Szis ona w.* Let then z be point not on w,, --- , ws (2??~* choices), 
and we be its null Szp-2. Proceeding thus we find, in 


ways, a set of 2p + 1 points, 2, 22, ---, Z2p11, and a set of 2p + 1 Sep-»’s, 
W1, We, ***, Wep41, Subject only to the relation =z = 0, 2w = 0, and such 
that z; and w; are incident while z; and w;, k + 7, are not incident. Thus the 
two sets form a self dual basis which by its mode of formation is invariant 
under C. Taking account of the order we see that 
(10) The number of self dual bases invariant under the null system C 1s 
Nec = 
(2p+1)! 
Referred to a basis, C takes the unique form (9). This form is unaltered 
by the group of order (2p + 1)! determined by permutations of the basis, 
whence the order Ng of the group of C is (2p-+1)! Nge. Since all bases 
are conjugate under Gy, all proper null systems C are conjugate under Gy 
and their number is N/ Ne. 
(11) All proper null systems are conjugate under Gy. Each is unaltered by a 
group Gye of order 


Pop-1 Pop-3 +++ Pi. 


Ne= 2p? Pop-1 


*In general, in an So 2k + 1 S2_1’s, whose sum is zero but subject to no other relation, 
contain all the points of S2; while in an Sx,1, 2k + 2 similarly related S.’s contain all but 
one of the points of Sx4:. Cf. K., pp. 267-9. 

Trans Am. Math. Soc. 16 
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The number of proper null systems is 
N 9p(p—1) P 
4'C 
If the null S.,-2 of x contains x’ it contains the line xz’, and the three null 
Ssp-»’s of points on this line contain the line. Such a line will be called a 
null line, any other line an ordinary line. 
From the canonical form (9) of C in terms of a self dual basis it is clear that 
the involution 
Y= ¥2= = 3,4, -+-,2p+1) 


is contained in Gyg. Every point of y; + ye = 0, including its null point 
1,1,0, 0, +--+, 0, is a fixed point. Every point not on y; + y2 = 0 with 
codrdinates 7, 7, k, --- (4 +7) is interchanged with 7, ---, the con- 
jugate pair being on a line with the null point of y; + yz =0. Since Gye 
is transitive on the points of S.,_1, it contains a conjugate set of P2,_; such 
involutions which generate Gycg. For the transpositions of the y’s generate 
the subgroup of Gye which leaves a basis unaltered. We have then only to 
show that one basis a), d2, «++, @2»41, self dual under C can be transformed 
by these involutions into any similar basis, b;, b2, ---, b2,41. Suppose that 
k — 1 points a already coincide with points b. By means of the trans- 
positions we adjust the case so that a; = = while a, + 
If a, 6, is an ordinary line the null S.,~9’s of the first & — 1 points all pass 
through a, + 6, and the involution determined by a, + b; leaves the first 
ik} — 1 points fixed and transforms a, into b.. If a, by. is a null line, let c¢; 
be a point not on the null S2,_.’s of a,, a2, ---,a,,b,. Then the two points 
ay + cx, by + cy are on the null S2,»’s of the first / — 1 points and the in- 
volution of the first followed by that of the second leaves a,, dz, +++, @x—1 
unaltered and transforms a; into b.. The point c; is subject to k + 1 con- 
ditions and can always be determined according to (3) until k = 2p. But 
two self dual bases coincide if 2p — 1 of their points respectively coincide. 
Hence 

(12) The group Gye of the null system C is generated by a conjugate set of 
P.,-1 involutions. Each involution is associated with a point and its null 
Sop-2 in such a way that every point on the S2p-2 is fixed and every ordinary line 
on the point contains a conjugate pair of points.* 


§ 2. Period Characteristics of the Thetas as Points in S2p-1 Modulo 2. 


The theta function of p variables 3 (v) = 3 (m1, m%, «++, Vp) has 2p in- 
dependent periods, each consisting of p quantities w;,, W2,, ***, Wpa, Where 
*Cf. K, §6, p. 276. 
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a=1,2,---,2p. That is, 
= wig, UP twp.) = 


E being an exponential factor. The value system 


2p 2p 


1 1 
a=l 


is called a half period, whose period characteristic or Per. Char. is the set of 2p 
integers €,;, --*, €2». Two characteristics whose half periods differ by a 
period are looked upon as not essentially distinct, whence the integers ¢ are 
reducible (modulo 2). Under integral linear transformation of the periods, 
the half periods are transformed so that the value of the expression 


is unaltered, € and 7 being any two distinct characteristics.* Naturally the 
coefficients of the transformation are also reducible modulo 2. The zero 
characteristic ¢; = 0, i= 1, 2, ---, 2p, differs from the remaining proper 
Per. Char. in that it is unaltered by every transformation. Thus our first 
fundamental theorem is apparent: 

(13) Under integral linear transformation of the periods of the theta function 
in p variables, the proper Per. Char. are transformed like the points (or their 
null Sop-2’s) of a finite space S2p-1 modulo 2 under the group Gye of collineations 
which leaves unaltered the proper null system 


C (2 — XLp+1 ) + (2X2 — Up+2 a2) + — 


Thus properties of sets of Per. Char. which are independent of integral 
period transformation—and these are the only properties of essential impor- 


tance 
ference to C. The translation proceeds as follows: 


can be inferred from the properties of sets of points in S2,_; with re- 


Point in Proper Per. Char.+ 
Two points on a null line. Two syzygetic Per. Char.t 
Two points on an ordinary line. Two azygetic Per. Char. 
(14) Sum of a number of points. Sum of a number of Per. Char. 
Points of a self dual basis of C. Fundamental system (F. 8.) of 


2p+1 Per. Char.; such that 
any two are azygetic.§ 


*K., pp. 242-3. 

+ With Per. Char., the term proper will be understood hereafter. 
K., p. 244. 

§ K., p. 267. 
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The duality in S2,_; established by C permits of expressing an occurrence 
P 

in several ways; thus two points are on a null line if either is on the null S2p_» 

of the other. Since the null lines on a point z are in its null S.,_2, we have 


15) A given point lies on a null line A given Per. Char. is syzygetic 
g { Yzy! 
with 2P.,~-3 other points; on an ordinary with 2Ps,-3 other Per. Char.; azy- 

line with 2°”~! other points. getic with 2°?—! other Per. Char.* 


The translation of (3) for k = 2p — 1 is 

(16) The number of Per. Char. syzgetic with m and azygetic with n — m of 
n given linearly independent Per. Char. is 2??—" if m<n, and Pop -n-1 Uf 
m= 

From (10) the numbert of F.S.’s is obtained. Some theorems, such as the 
first part of the following,§ are self-evident from the geometrical point of view: 

(17) A F.S. of Per. Char. is transformed by integral linear transformation 
intoa F.S. All F.S.’s are conjugate under such transformation. 

Let x, a, --+, 2 be r points of S21 which are not linearly related. 
They lie in an S,_, and form a point reference basis of the S,.. Any space 
of dimension equal to or less than 2p — r — 1 which has no point in common 
with S,_; will be called a skew space of in The r null S2p_»’s of 
the points 2 meet in an S2p_,-; called the null space of S,.1. In general S2p_,-1 
meets S,_; in an S,,_; called the null subspace of S,.. The line joining any 
point of S,_; to any point of its null space, S2p-,-1, is a null line. If the null 
subspace of S,_, coincides with S,_,, it is called a null S,.. The null space 
of largest dimension is an S,_; called a Gépel space. The translation to 
Per. Char. is made according to the following table. 


S,-1. Group E, of Per. Char. of rank r.|| 
Skew space of S,_; in Se,-1. Group H conjugate to the group E,.4 
Null subspace of S,_;. Syzygetic subgroup of E,.** 
(18) Null space of S,_;. Group adjoint to E,.t 
Null S,_;. Syzygetic group 
Gépel space. Gépel group. 


A null S, is determined by any point reference basis in it. The &+ 1 
points can be chosen as follows. Let 2, be the first point ( P2,_; choices), 
w, its null S.p». Let z be any point on w, other than 2 (Pop. — Po 
choices), we its null S,,-2. Let z3 be any point on the Sep—s U1 w» other than a 
point on the S; z; 22 — choices), ws its null ete. The null 
S, is finally determined by means of an ordered point reference basis in it. 


*K., p. 244. 1 K., p. 247. 1 K., p. 268. 
§ K., p. 270. || K., p. 291. q K., p. 295. 
** K., p. 292. 
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Since the ordering and the particular basis in S; are not material we get 


1 1 
(k +1)! R. Pop-1 ( Po) ( Pops P;) (Pope ~ 
null S,;’s. Or, by making use of (4), 
(19) There are* 


Po = P, P. +++ P, 


null S,’s belonging to C | syzygetic groups of rankk +1. 

Given a space S,_, with the null subspace S,,_1, let S,-m—1 be a space skew 
to S,»-; in S,,. Begin the construction of a self dual basis of C by choosing 
r—m points yt) , ..., y in the S,m-1. The last point y™, for 
example, must be on the 2p — (r — m) Sep-2’s which meet in S,.»—; and out- 
side the r — m — 1 null S2p-0’s of y™*, ---, y*-Y. According to (3) such 
points can be found. Let 2™, ---,a2™ be any point reference basis in S,,_;. 
If the number of points y© is odd, the point Ly , which is in S, 1, is also 
on the null 82,2 of every point y and of every point 2“ and is therefore 
in Sn-1. But is skew to Hence r — m is even. 


(20) The difference r— m of di- 
mension of S,-; and its null subspace 
Sm—1 is even. A reference basis of 
Spr, ylmrn | 
y , can be selected so that every line 
2 2® and 2 yis a null line while 
every line y y is an ordinary line. 


The difference r — m of rank of E, 
and its syzygetic subgroup E, is even. 
E, has reference bases of the form 
(a), (Qm) (Bm+1) 5 
(8,), where the pairs (a;) (a) and 
(a;) are syzygetic while the 
(B:) (8%) are azygetic.t 


Such a reference basis of S,; will be called a normal reference basis. 

Further theorems in this paragraph will be stated in only one form, the 
translation being obvious. 

Since S,,-; is part or all of the space common to r Sop~2’s, m+ r < 2p. 
Hence a space S;,_; can be found skew to the null space S2,-1-m of Sm—1 and 
therefore skew to both S,,; and S,-m-1. Then S;,_,; and S,-»—1 lie in an 
S;_, in which part of a self dual basis of C can be constructed beginning with 
y™, in S, m1, and ending with y™, ---, y™. These m points 
determine a space S;/_; which may coincide with S;,_; , but which at all events 
is skew to Syp-1-m, to Sn—1, and to S,m-1. The null of ---, y¥™ 
cut S,,1 in S,—2’s since these points are not found in Thus an 
reference basis in S,,; is obtained which carries with it a point reference basis 
 *¥For k = > 1, see K., p. 296. 

+K., p. 294. 
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xD), in S,1. The m+ points 


(m+1) (r) 


y y, y™ , 2) y + , = y™ gm) 


form part of a self dual basis of C. For y“*® is azygetic with y™ by construc- 
tion and, being syzygetic with x, is azygetic with 2 = 2+ y™. Also 
y© is azygetic with y and syzygetic with x by construction hence azygetic 
with 2. Also 2 and z™ are azygetic since y and y™ are azygetic while 
and y and 2, and are syzygetic. Since = y+ 2%, 
we have from (20), 

(21) An S,_, with a null subspace Sn, has a reference basis of the form 
yD + 2D, yD 4 yo 4 ..., y, such that the 
points y, z form part of a self dual basis of C .* 

Two self dual bases are conjugate in any order under Gye, whence* 

(22) Two spaces of the same dimension in Sep-1 are conjugate under Gye 
if and only if their null subspaces have the same dimension. 

In order to determine the number of S,_,’s in a conjugate set it is convenient 
to introduce the notions of a “ section” and of a “ projection and section ” 
of the null system C—notions that can be used later with advantage. Ac- 
cording to (20) a space which has no null subspace is of odd dimension, S2;_1. 
The null S:,_» of a point in S2,_; cannot contain S2,_; else the point is part of 
a null subspace. Then the null S.,_»’s of the points in Sox; cut S2,_1 in 
Sox-2’s and thus there is defined a null system C; in S2,_; which will be called 
the section of C by So,-1. 2k points of a self dual basis of C;, in S21, being 
azygetic in pairs, are 2k points of a self dual basis of C in S2,_; and conversely. 
The number of such sets in S2,_; is (2k + 1)!(Nee)pax. On the other hand 
the number of such sets in S.,_; [see the enumeration before (10)] is 


‘ ce 


92p—-1 , 92p-3 92p—2k+1 


Dividing this number by the first we find that 
(23) The number of S2,-1’s without a null subspace is 


Pop-1 


92k(p—k) 
P; 


Each is unaltered by a subgroup of Gye of order 


Py Pi > Poi Ps Pr. 


Let S,,; have the null subspace S,,_;.. The null space of S,-1 is S2p—m-1 
which contains If = p— m, there are within and on 
precisely P:,-, spaces S,,. These we regard as 


p. 295. 


‘ 


‘points Yo in a space L2,-1 
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or >.” More generally then, spaces S,; within S:,~,-1 and on S,,; are 
“spaces in The null space of an S,, within and on S,,-1 
is an Sop-m-2 Within S2,~m—-; and on S,, and therefore on S,,_; also or “a 
point Lp is on its null 2,» with reference to the thus defined null system I, 
in.” This null system I, in the derived space 22,—; we call the projection 
and section of C in Sz»: from the null space S»—1 and by the null space S2p—m—1 of 
Sn-1- Two points of 2 are syzygetic or azygetic according as the null 
space of one corresponding S,, does or does not contain the other corresponding 
Sm. A space S,_; within and on S,,-; has a null subspace which 
contains S,,_;. To S,_; there corresponds in = a space Ss~m—; which has with 
reference to [T, a null subspace 2,,~m—; and conversely. In particular for 
s=r and m’ = m we see that an S,_, with the null subspace S,,_; cor- 
responds to a 2,—m—1 in 2 without a null subspace with reference tol’. The 
number of these 2,~m—;’s has been determined in (23) where 2k is to be re- 
placed by r — mand pby r= p—m. This is the number of S,_;’s with a 
given null S,,-; as null subspace. The number of null S,,_;’s is furnished by 
(19), whence 

(24) The number of S,-1’s with a null subspace Sn_1, where r — m is even, is 


or (2p—r—m) wen Pop—m—r41 


Pym—1 Py + Pm—1 Pm—2 +++ P2 Py’ 


They all are conjugate and each is unaltered by a subgroup of Gye of order 


§ 3. Quadrics in S2p-; Modulo 2. 
A quadric in S2p-; is defined by a congruence or equation of the form 
(25) f (az) = =O kK=1, 2p; isk), 


Points whose coérdinates do or do not satisfy this equation will be called 
quadric or outside points respectively. The quadric will be called proper or 
degenerate according as it cannot or can be transformed by a collineation of 
Gy into a form in less than 2p variables. 

The point x + y is on the quadric if 


(26) f (vx) +f’ (zy) +f (yy) = 9, 
where 

f’ (ay) = La (2: Yk + ) (t,k=1,-+-,2p;t<k). 
Since 


Li Ye = — = Tks 
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we see* that the polar system of f, f’ (2y) = 0, is a null system whatever be 
the values of the coefficients a;;. 

(27) The 2?” quadrics f , obtained by varying the coefficients a;;, have as polar 
systems the same null system. Conversely, any null system determines 2°” quadrics 
whose polar systems coincide with the given null system. 

An important relation between the quadric and its polar system is this: 

(28) A quadric is proper or degenerate according as its polar system is a proper 
or degenerate null system. 

For if the quadric is degenerate it can be transformed into a quadric in 
2p — 1 variables at most, say y2, ---, Yep, and the polar of 1, 0, ---, 0 is 
indeterminate, i. e., the null system is degenerate. Conversely, if the polar 
of 1,0, ---,0is indeterminate the quadric either has the form g(y2, --- , Yep), 
and is degenerate or has the form yj + g (yz, ---, Yep). In the latter case, 
g (Y2, ***» Yep) is a quadric in an even space whose polar system is a null 
system and therefore necessarily degenerate. Let yo = 1, your = 0, be a 
singular point. Then g has either the form yj + h (y3, «++, y2p) or the form 
h (ys, *** 5 Yep). The original quadric has either the form z? + h (y3, ---, 
Yop), Where yi + yz = (yi + ye)? = or the form yi +h (ys, «++, Yop), 
and in either case is degenerate. 

We shall say that a quadric belongs to C if its polar system is the null system 
C. A line will be called a skew line, tangent, secant, or generator of the quadric, 
according as it has 0, 1, 2, or 3 points in common with the quadric. It is 
easily verified from (26) that 

(29) The 2°” quadrics which belong to a given null system C have null lines 
for tangents and generators, ordinary lines for secants and skew lines. 

Thus if z is a point of the quadric, w its null, or polar, or tangent S2»_», 
all lines on x in u are generators or tangents of the quadric, and all lines on x 
and not in w are secants of the quadric; if however z is an outside point, all 
lines on 2 in u are tangents of the quadric, and all lines on z and not in u are 
secants or skew lines of the quadric. 

(30) Quadrics in S; have real points if k > 1. 

For, if (25) contains no reference point, every a;; + 0; if no point like 
1,1,0,---,0, every a, +0, but then it must contain points like 1,1,1,0, 

-, 0. 

Let C (x, x’) = 0 be the equation of the null system C, f (x, 2) = 0 be 
a quadric belonging to C , y be a point on f, and IJ, be the involution determined 
by y [see (12)]. C(x, y) = Ois the tangent space of f at y and contains the 
tangents and generators of f which pass through y. J, transforms f into a 
quadric ¢ (x, x) = 0, which has in common with f the point y and its tangent 
space. Any line through y and not in the tangent space has a further point 


*Cf., Dickson, Linear Groups, p. 201, footnote. 
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on f and a further distinct point ong. Thusf,¢, and [C (2, y)]* constitute 
a pencil, or since 


[C(z, y) =C = C (2’, y) (mod 2), 


we have 


f(x, 2) +C(2’?, y) =¢(2, 2). 


If z is another point on f, 


=y(2, 2), 
g(a, x) +y(a, x) =C(2?, y+2). 


whence 


If yz is a null line, the point y + zis onf, ¢, ¥; if yz is an ordinary line, y + z 
is not on f nor C (2?, y) = C (a, y) and therefore is on ¢ and similarly is on 
y. Theng and walso are in a pencil with the square of their common tangent 
space, C(2?, y+2). If f contains n points, the n+ 1 quadrics, f, ¢, y, 
being conjugate with f each contain n points and each deter mines the set by 
means of its tangent spaces. If r is a point outside f, J, leaves unaltered the 
contacts of tangents from r to f but interchanges the points on a secant 
line through r, i. e., leaves f unaltered. Hence the set of m + 1 quadrics is a 
complete conjugate set under Gyg¢. 

Let y and z be two points not on f,i.e., let f(y, y) = landf(z,z) =1. 
Let 


f(a, 


Then 
g(x, 2) 2) =C(2?, y+2). 


But y + zis a point of g and y, since 
y) =0. 


Hence the set of quadrics obtained by adding to f the squares of its secant 
spaces is such that any one of the set differs from the others by the squares 
of its own tangent spaces. Again this set is a complete conjugate set. But 
all the quadrics which belong to C differ from any one by the square of a 
tangent or secant space of the one. Hence there are only two distinct types 
of quadrics which belong to (. Since any proper quadric belongs to a proper 
null system and all proper null systems are conjugate under Gy there are only 
two distinct types of proper quadries in S2p_1.* 

Gyc is doubly transitive on either conjugate set of quadrics. For two quad- 
rics in the set conjugate to f are associated with points y and z onf. If yz 
is an ordinary line, I,;, leaves f unaltered and interchanges y and z. If yz 


Cf. Dickson, Linear Groups, p. 197. 
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is a null line there is a point ¢ on f and not on the tangent spaces of y and z; 
e. g., an ordinary line on y and a point outside the tangent space of z meets 
the quadric again at a point t. The product leaves f unaltered and 
sends y into z. 

Gyc is simultaneously simply transitive on both sets of quadrics. For if 
y and z are two points not on f and if yz is an ordinary line, then y + z is not 
on f and I,,, leaves f unaltered and interchanges y and z. If yz is a null line 
touching f at y + z, let ¢ be a point on the tangent space of y + z but not on f 
nor C (x, y) and therefore not on C (2,2). Then yt and zt are skew to f 
and the product J,,; 24: leaves f unaltered and sends y intoz. But y and z 
determine any two quadrics of the set which does not contain f. 

(31) The 2?” proper quadrics which belong to C divide into two sets conjugate 
under Gye. Quadrics from the same set have contact along an S2p~2 tangent to 
both; quadrics from different sets have contact along a space secant to both. Every 
proper quadric in S2p-, is conjuagte under Gy with one or the other type. Gye 
is doubly transitive on the quadrics in either set; and simultaneously simply 
transitive on the quadrics of both sets. The group of any quadric is simply 
transitive on the points of the quadric and also on the outside points of the quadric. 

Let there be 7 points on, and ( P:,_1 — 7) points outside, the proper quadric 
f which belongs to C. According to (31) the quadric points are each of the 
same type; the same is true of the outside points. Let there be on an outside 
point, po, pi, p2 lines skew, tangent, secant, respectively to f; on a quadric 
point, 73 lines respectively tangent to, secant to, on, f. By joining an 
outside point to the other outside points and to the quadric points we get the 
equations 


2p0 + = Papi Pit 2p2=7T. 
Jn the same way from a quadric point we get 
26, + o2 = — 02 +203 =>7-1. 


But p: = 0; +4; is the number of null lines on a point, i. e., P2p-3.. Hence we 
have, in terms of 7, 


2p0 = Pop-1 — 7-1, Pi = Pops, 2p2 = tT — Pops, 
20; = Pops — — 2?7-?, = 227-2, 203 = 2”. 


The total number of tangents of f is either 0, 7 or 3p; (Pep-1— 7). Equating 
these values we get 


— (227 — 2) r+ (2% —1) (27? —1) =0, 


Te = 1]-1, To = 27-1(2? — 1] — 1. 


Set 
(32) E, = 1], O, = — 1]. 


| 
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For a quadric E with E, — 1 quadrie points, 
po = = o, = P,_» = Op-1, 
(33) = Pops, = 
For a quadric O with O, — 1 quadrie points, 
po = E,1, = 
(34) = = 
= O,-1,; = 


If 70, 71, 72, 73, denote respectively the total number of skew lines, tan- 
gents, secants, and generators, of a quadric, then 
For a quadric E, 


= 4 po[Pop-1 — Te] = Op-1, 


= $ pil — Te] = 01 Tz = Pep30, = OpilE,— 1), 
p2 [Pepi — Tz] = 02 O, (E,—1), 


= = (E,—1)(Epi-—1). 


a quadrie O, 
1 = 1 
To = 3 Po [ Popa — = 3 EA, 


(36) = Pep-1 — To] = Ep = Ep-1 (02 — 1), 


p2[Pop-1 — To] = 292To 
= = 46379 


If ¢ = f+ C (2’, y), then ¢ contains the points of both or neither of f 
and C (2*,y). Iffisan EF quadric and y a point not on it, g contains 


Pop—3 + [O> ( Pop—e P2p-3) | = —]1 


points, and ¢ is an O quadric. If f is an O quadric and y a point not on it, 
¢ contains 


Pop-3 + [E,- (Pope — Pop-3)] = E,-—1 


points, and is an £ quadric. Hence 

(37) The 2°” quadrics which belong to C divide into a set of Ep = 2?~! (2?+1) 
quadrics E,, each containing E, — 1 points; and a set of Op, = 2-1 (2? — 1) 
quadrics O each containing O, — 1 points. The number of skew lines, tangents, 
secants, and generators, of these quadrics, and the number of similar lines on a 
quadric point or an outside point are furnished by the formule (33), +--+, (36). 


255 
T1 
(35) 
! 
1), 
| 
4 


256 A. B. COBLE: FINITE GEOMETRY [April 


It is convenient to use Q, Q to denote at the same time E, O and O, E. 
The following relations among the numbers defined above are sometimes 
useful: 


—1) = Pops Qp Qp = 2°? Pays, 
Q»(Q>—1) = = 2°72 (Q, — 1). 


A quadric associated with the null system C in (13) is 


(38) 


(39) = Xe + Ap Mp =O. 


Of the p terms in q, each takes the value 0 in 3 ways, namely, 00, 01, 10; the 
value 1 in one way, 11. But g, = 1 if 2k + 1 terms take the value 1 and 
p — 2k — 1 terms take the value 0 which occurs in (2,; ) 3?~**"! ways. Hence 
the number of points not on q, is 


(221) 1)? (3 1)?] = — 27] = Op. 


Hence q, is an E quadric. The quadric 


2p 


2p 2 
=at| Lae | 


i=l 
is of the same type as qg, provided La; x; is the tangent space of a point on 
Pp 
Gp, i. €., if =0. Hence 
j=! 
(40) The 2?” quadrics obtained by varying the a’s in 
2p 
D> 2; + Soa; 2? = 0, 
j=! i=1 
which belong to the null system 
C= — = 0, 
j= 
Pp 
are of the type E or O according as >> a; aj+) = 0 or =1. 
j=1 
Other canonical forms of a quadric are useful. Let 
Yr yi + yo y2 + + = O 


be the equation of C referred to one of its self dual bases. The quadric 


(i, k=1, +++, W+1lji<k), 


has the polar system C. Any two points of the basis are on a line with a third 
point all of whose codrdinates except two are zero; call these the residual 


i 

4 
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points of the basis. Evidently no residual point is on the quadric. Con- 
versely if a quadric contains no residual point it is the above quadric. For, 
using Yo, -**, Yep¢1 as a reference basis, the residual points become the refer- 
ence points and the points with only two coérdinates not zero. Since the 
reference points are not on the quadric every square appears. Also every 
product term appears, else the corresponding residual point is on the quadric. 


But 
+ = (yet: + Yop)? = U1 (Y2 + + 


and the quadric has the given form. 

To find the number of points on the quadric and therefore its kind, let 2 
be the number of coérdinates of a point which are not zero. The point is 
on the quadric if 2k (2k — 1) /2 is even, i.e., if kis even. Then the total 


g 
number of points on the quadric is > (*t'), where g is the greatest integer 
é=1 


for which 4g < 2p +1. Since 


= (1+ ] + (1+ + (1 ] + (1 
1=0 


we find that 
> on 1 {22pt1 + (1 + + (1 7 )2P+1} 
If p = 4n + m this reduces to 
= Qm+1 
i. e., to E, — 1 if p= 0, 3 (mod 4); and to O, — 1 if p = 1, 2 (mod 4). 
If p is even the basis points are on the quadric. 
(41) A basis, y:, +++, Yopy1, self dual under C , determines uniquely a quadric 


=O (4 


belonging to C, which contains none of the residual points of the basis. If p= 0 
(mod 2), Q contains the basis points; if p = 1 (mod 2), the lines of the basis are 
skew to Q. If p=0,3 (mod 4), Q is an E quadric; if p = 1, 2 (mod 4), an 
O quadrie. 


§4. The Theta Characteristics as Quadrics in Sop; Modulo 2 Belonging to C. 


If w, is the half period whose Per. Char. is €, and FE is a proper exponential 
factor,* then Ed (v + w,), considered as a function of v, is a theta function 
*K., p. 240. Formule (a), (6), (c) are given by K., p. 242; formula (d), p. 247. 


| 
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3? €]2 (v), whose theta characteristic, or Th. Char., is €. In particular the 
zero Per. Char. gives rise to the original theta function whose Th. Char. 
therefore is e¢; = 0. Two functions whose Th. Char. are congruent modulo 2 
arise from two similar Per. Char. and are not essentially distinct. There 
are then 2?” Th. Char. including the zero Th. Char. The function with 
Th. Char. ¢€ is even or odd according as 


p 
> €,€p+, = 0 or = 1 (mod 2).* 


Under integral linear transformation of the periods, 


2p 


(a) = Lo Cap 2p), 
p=1 


the Per. Char. are transformed as follows: 
2p 


(b) = Do Cap (8 =1,2, +++, 2p). 


a=1 
The coefficients ¢,, are such that >» ( — Ng) is invariant, i. e., 
=] 


lif y=p+t+B, 
c — Cys 
(c) uy “p+u, 6) Oif y+pt+B. 
The 2”? functions # [ €]2 (v) are transformed, to within exponential factors, 
into a similar system 3 [€]. (z), the Th. Char. of the two systems being con- 
nected by the equations 


p 
— Cy, €p+u + Cun Cy, p+u ) 
u=l 


(d) (v=1, By 


Since these equations hold as congruences modulo 2 and since cz, = Cag 
and — 1 = 1 (mod 2), we can modify them so as to read 


Dp 


In § 2 we have identified the points, x;, 22, +++, of S2»-, (mod 2) with 


2p 
the Per. Char. €; and the collineations xg = ie x, of S2,-; which leave the 
a=1 


null system, C = >> (2, Lyin — tp+,%,), unaltered with the transformations 
=1 


*K, p. 240. Formule (a), (b), (c) are given by K., p. 242; formula (d), p. 247. 


| 
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(b) of the Per. Char. Consider the effect of such a collineation upon the 
quadric 


p 
> 2 2 

(43) + + €piu ) ’ 


which belongs to C. It must be transformed into another of the same sort, 
say with coefficients €. By effecting the collineation upon the quadric and 
making use of the relations (c) the coefficients € of the transformed quadric 
turn out to be those defined by (42). Hence by making use of (40), we 
obtain the second fundamental theorem: 

(44) Under integral linear transformation of the periods the 2?” Th. Char. are 
permuted just as the 2?” quadrics in So»; modulo 2 which belong to C are per- 
muted under the collineation group Gye of C. The theta function with given Th. 
Char. is odd or even according as the corresponding quadric is an O or an E 
quadric. Thus the parity of the characteristic is invariant under such trans- 
formation.* 

According to the formula 


(v+,) = Ed [e+ nh (vr), 


the function #[€]2(v) vanishes when is w, if [e+ ]2(v) is an odd 
function. Regarding #[€].(v) as a quadric Q and w,, as a point P, then 
3 [e+ nl (v) is the quadric Q’ obtained by adding to Q the square of the 
null So,» of P. If Q’ is an O quadric then, either Q is an E quadric and P 
is not on Q or Q is an O quadric and P is on Q. We have therefore a further 
translation scheme: 


An E (or 0) quadrie which be- A theta function with an even (or 
longs to C. odd) Th. Char. 

An E quadric does (or does not) An even theta function does not (or 

. contain a given point. does) vanish for a half period with 

(45) 
given Per. Char. 
An O quadric does (or does not) An odd theta function does (or does 
contain a given point. not) vanish for a half period with 


given Per. Char. 


The number t of odd and of even thetas is gotten from (37), while the enumer- 
ations contained in (32), ---, (36) characterize very fully the behavior of a 
particular theta with regard to the sets of three syzygetic or three azygetic 
Per. Char. 


_ Cf. the proof of the invariance of parity given by K., pp. 247-50. 
+ K., p. 240 (VID). 
K., p. 252. 
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§5. The Period and Theta Characteristics as a Linear System in Rep with 
Reference to a Quadric. Projection and Section Applied to Quadrics. 
Steiner and Kummer Sets. 


We have already remarked that the sum of two quadrics belonging to C 
is the square of an S2,-2. More generally, a sum of a number of quadrics and 
a number of squared S2p_»’s is a quadric or a squared S2,_» according as the 
number of quadrics in the sum is odd or even.* Thus the 2”? quadrics and 
2?” — 1 squared S2,_2’s lie in a linear system containing 2?”+' — 1 elements, 
i. e., in a linear space R.,. A concrete representation of this linear system is 
obtained by mapping the points of S2,_; on the points of a quadric M in R2, 
by means of 2p + 1 independent quadrics in S2,_; belonging to C. Taking 
the convenient canonical form of (40), let 


Pp 
(46) > 2; * (i =1, 2, 2p). 
j=! 
Then the points z of S2,_; are mapped on the points z of 


p 
(47) M=2+ = 0. 

j= 
M is-the general type of non-degenerate quadric in R.,. The collineation 
group which leaves it unaltered is simply isomorphic with Gyc.f The null 
system of M is necessarily degenerate whence there is one point, z = 1, 
z; = 0, whose polar R2,_; as to M is evanescent. This point we shall call the 
vertex V of M. Since C connects a point of S2,_; with its null S»2,~» or also 
with the square of its null S.,-. we can identify the period characteristics 
with the squared S2,_.’s and thus show that 

(48) The Per. Char. and Th. Char. can be represented as the linear system of 
2°p+1 — ] Reps’ in a space Ro, with reference to a proper quadric M. The 
R2,~1’s on the verter V of M correspond to the Per. Char.; those not on V corre- 
spond to the Th. Char., which are odd or even according as the Rzp—, cuts M in an 
O or an E quadrie. 

An R:,-; on V cuts M in a quadric section with a double point z on M. 
The point z is the map of a point z in S:,_; whose null S2,-2 corresponds to 
the R2»-1. This is the trace in R2, of the null system C. 

The above representation with reference to M in R2, will be retained only 
in the background for purposes of suggestion, the important feature being 
the linearity of the entire system of characteristics. As an instance of the 
usefulness of this feature let x be a given point in S:,_;._ It is a linear condition 
that a quadric or S2p-» be on x, whence there are 2? — 1 quadrics and S2p_2’s 
*K, p. 254. 

7 Dickson, Linear Groups, p. 197, §§ 199, 200. 
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and 277-!— ] S»2,.’s on 2. There are then 2°?~' quadrics on x. These 
quadrics are paired by the involution, 7,, the members of a pair having the 
same section by the null S.,-. of x. Such a set of 2 - 27°?-” quadrics will 
be called* a first Steiner set or the Steiner set of x. Again if x and x are 
two points of a null line a quadric or S2,-2 on both must contain the third 
point of the line. This imposes two linear conditions on the quadrics and 
Sop-2’s whence there are 2??—! — 1 quadrics and and — 1 S2,_»’s 
on the line. Hence there are 4 - 27?-®) quadrics on the line which divide into 
227-2) sets of 4, each set of 4 having the same section by the null S.,_3 of 
the null line x 2. The members of a set of 4 are permuted transitively by 
the Abelian G, generated by the involutions 7,1) and J). Such a set of 
2? . 2p?) quadrics will be called a second Steiner set or the Steiner set of the 
null line x 2. Evidently the argument can be carried on to the limit set 
by the null S,_; and we can say generally that 

(49) A null S,»1 (m = 1, +--+, p) determines an mth Steiner set of 2™ - 2°°7—™ 
quadrics which contain Sn. They divide into 2??-™ sets of 2™ quadrics. 
Each set of 2™ quadrics has the same section by the null Sop—m—1 of Sm—1 and its 
members are permuted regularly by the Abelian Gy» generated by the involutions 
I, of the points x of a reference basis of Sm—1.T 

Further properties of the quadrics of an mth Steiner set can be derived from 
the projection and section of C from S,,_, and within S2p-m—: as explained 
after (23). We have then a derived space 22,1, 7 = p— m, whose points 
correspond to S,,’s on S,—; and within Sz,-m-1. Evidently a set of 2" quad- 
rics on S,»—; which have the same section by S2p,~m»—1 determine in 22,-1 a 
single quadric. Hence the above 2?” sets of 2" quadrics determine in Y2,-1 
the 2?" quadric belonging to the null ststemT,. If a point of Y2,-: lies on a 
quadric, the corresponding S,, on S,—; lies on each of the corresponding set of 
2™ quadrics in Sep-1. For m = 1, we see from the values of o3 in (33) and 
(34) that the section of a quadric of type Q is a quadric of the same type. 
Since the general projection and section can be effected by projections and 
sections from successive points it is clear that the type of quadric is unaltered 
in the process. Thus from (37) for p = 7 we find that 

(50) The 27°-™ sets of 2” quadrics in the mth Steiner set of a null Sn—s 
divide into Op-m sets of 2"O quadrics and Ey-m sets of 2" E quadrics. 

For the important particular case, m = 1, the enumerations contained in 
(32) to (36) lead to the following results in S2p_1: 

(51) Given a Q quadric and a line | tangent to Q at x; there are Q,-2 planes on 
l containing two further tangents at x, P2p,-5 planes on | containing a further 
tangent and generator on x, and Q,~» null planes on | containing two further 


* When p = 3, the odd quadrics of the set correspond to the well known Steiner complex 
of 12 double tangents of a plane quartic curve. 
¢t For m = 1, 2,3, ef. K., pp. 255-65. 
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generators on x; given a generator m of Q on x, there are Q»-2 planes on m con- 
taining two further tangents at x, 2?”~* planes on m containing a further tangent 
and generator on x, and Q,-2 — 1 null planes on m containing two further gen- 
erators on x. The number of planes on x containing respectively three tangents, 
two tangents and a generator, a tangent and two generators, and three generators, 
of Q on x is 1], and 3 — 1) 

Call a null S,,_; contained in Q a generator S,—; of Q; and a null S,, which 
meets Q in a null S,,_; a tangent S,, of Q. Then after projection and section 
from S,—; on Q, the earlier enumerations lead to the following results: 

(52) Given a generator Sn of Q, and a tangent S» containing it; there are 
on Sm Smai's containing two other S,,’s tangent along Sn—1, Po p—m)-s 
Sm+1’s containing another S,, tangent along S»—1 and a generator S,, and Qp—m—1 
null Sms1’s containing two generator S's; given a generator S», on Sm—1, there 
are on Sm, containing two S,,’s tangent along Sm—1, Sing1’8 
containing a generator S,, and a tangent S,,, and Qp—m—1 — 1 null Sn41’s con- 
taining two other generator S,’s. On Sms, the number of Sm41’s containing 
respectively three tangent S,,’s, two tangents S,,’s and a generator S,»,, a tangent 
Sm and two generator Sm’'s, and there generator Sm’s is 3 a ee 
Q p—m—1 1), Qp—m—1 , and 3 [Qp—m I) 1Qp—m—1 i}. 

Some fairly obvious deductions from the above general theorems can now 
be drawn; e. g., from (50), for m = 1, it is clear that, 

(53) An Sep-2 can be expressed in Op, ways as a sum of two O quadrics; 
in E,-1 ways as a sum of two E quadrics; and in 27°~*? ways as a sum of an 
O and an E quadric. Or, if a squared S2p-2 be added to the 2?” quadrics, then 
of the Q» Q quadrics, 2Q,—-1 become Q quadrics while the remaining 2??? become 
Q quadrics.* 

Two points determine a third on their join. If the join is a null line 
every quadric contains only one or all of the three points; those containing 
all constituting the second Steiner set of the line. If the join is an ordinary 
line a quadric on one point must contain a second point but cannot contain all 
three. In particular a pair on one of the points do not meet in another of 
the three. Calling the first Steiner sets of the points syzygetic or azygetic 
according as the points are syzygetic or azygetic [see (14)], we have 

(54) A first Steiner set is determined uniquely by any one of its Qp,-1 pairs of 
@ quadrics. Two first Steiner sets determine another first Steiner set, the three 
being symmetrical. If the three are syzygetic, they together contain all the quad- 
rics and have in common a second Steiner set; i. e., the sets have 4Q,-2 Q quadrics 
in common, while 3 - 2°”-* Q quadrics occur in only one set. If the three are 
azygetic, they have no common quadrics, any two have Q,-, Q quadrics in com- 


*K., p. 258 (VI) and (VII). 
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mon, but have no pairs in common. Together the three contain 3Q,—-1 Q quadries, 
and os Q quadrics are found in none.* 

Applying (54) to the projection from S,,_, and translating the result from 
2,—1 back to S.,-1, we obtain the theorem: 

(55) If three null S,,’s on a null Sp, are in an ordinary Snii, no quadric 
contains all three but any two are contained in 2" Qp~m—1 Q quadrics; if the 
three are in a null Syiy every quadric on Sm, contains at least one, while 
3 + 2" quadrics contain only one and 4 - 2™- Q, Q quadrics 
contain all three. 

In (54) we have considered the Steiner sets of three points of a line. Let 
us suppose the three points form a triangle. To contain the points is three 
independent linear conditions on a quadric or S2»~2 whence there are 2??—* — 1 
quadrics and S2,-»’s and — 1 on the three points or 

(56) The Steiner sets of three points which form a triangle have 2°”~* quadries 
in common. 

Four cases are possible according as 0, 1, 2, or 3, of the three sides of the 
triangle are null lines. Drawing null lines full, we see from the figure of Case I 


CASE Il CASE Ill 


that a quadric on y, z, ¢ cannot contain y + z + ¢, else the three null lines 
are generators and therefore also the sides contrary to the hypothesis that 
they are ordinary lines. The null space S of y + z+ ¢ contains the triangle 
and is a secant space of all quadrics on the triangle. If S be added to all these 
quadrics each Q quadric on the triangle becomes a Q quadric on the triangle 
whence the number of Q and Q quadrics is the same. Thus from (56) we find 

(57) The Steiner sets of three points which form a triangle with ordinary sides 
have in common 2??~4 Q quadrics unpaired in each set. Each Q quadric meets 
a definite Q quadric on the null S2p~2 of the null subspace of the plane of the triangle.t 

In case IV the plane of the triangle is a null plane and every quadric on 
the triangle contains the plane whence 

(58) The first Steiner sets of three points which form a triangle with null sides 
have in common the third Steiner set of the plane of the triangle.t 

*K., p. 260 (VIID, p. 261 (1X). 


+ Cf. K., p. 263 (X). 
t Cf. K., p. 265 (XIII). 
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From the figure in case II we see that a quadric on y, z, ¢ contains two null 
lines on z+ ¢, but not the third, and conversely. Hence theorem (55), for 
m = 1, can be applied. In case III a quadric on y, z, ¢ contains two null 
lines on ¢ but not the third, and the same theorem applies. Hence 

(59) The Steiner sets of three points which form a triangle with one or with two 
null sides have in common 2 Qp-2 Q quadrics. In the first case the quadrics are not 
paired in any set though they are paired in the Steiner set of the third point of 
the null side. In the second case the quadrics are paired in the Steiner set of the 
point on the two null sides.* 

Some of these theorems are easily generalized. Thus (58) and the first 
case of (54) are special cases of the following: 

(60) If any number of null spaces lie in a null S»-1 their Steiner sets have in 
common the mth Steiner set of the null Sy—1. 

Following out (57), let 2, ---, 2@**) be an odd number of points of a 
self dual basis of C. They lie in an S., which has an Sp, x + --- + a@*FD, 
as a null subspace. As in (56), there are 2??~**-! quadrics on the points 
which are interchanged in type by adding the null S2,_» of So which is secant 
to all. Hence 

(61) The Steiner sets of an odd number, 2k + 1, of points of a self dual basis 
of C have in common 2??-**-? () quadrics which are unpaired in each set. 

If however we have an even number 2p of points of a self dual basis of C 
as in the second case of (54), their S.,-, has no null subspace and the above 
argument does not apply. S2,-; determines its null space S2(,_,)-1, which 
also has no null subspace; in fact, each is the null space of the other and the 
two are skew. Let I, be the section of C by S2,-1 [as defined after (22)], 
the section of C by So p_,)-1. These two sections define (. For if x is a 
point of S2,-1, its null S.,» under I’, together with S2(p_,)-1 are contained 
in an Sop», the null space of x under C; similarly, if y is a point of S2(p~,)-1. 
If zis a point of neither, the S., joining z to S:,,; meets S2(p_,)-1 in a point 
y, the line yz meets S2,_; in a point x and the null S2,-» of z is determined from 
those of x and y; the line yzzx is of course a null line. If a reference basis of 
So,-1 be chosen by taking a reference basis x of S:,-; and a reference basis 
y of Sow—,)-1, a quadric belonging to C can have only product terms in z 
and product terms in y. Since the squared terms also are separable the 
quadric is determined by its two sections. Hence 

(62) If So,-1 and So(p—,)-1 are skew null spaces of each other under C, and if 
lr, and T,_, are their sections of C, then C is determined by the two sections. 


If Q’ is a quadric in belonging to Q” a quadric in belonging 
to T',_, there is a single quadric Q belonging to C which contains the sections 
Q’ and Q”. Qisan E quadric if Q’ and Q” are of the same type, an O quadric 
if (’ and Q” are of different types. 

 *K., p. 264 (XD, p. 265 (XID. 
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The last statement is proved as follows: Any line zy is a null line and therefore 
a tangent or generator of Q. If z is on Q’, y on Q” it is a generator and con- 
tains a point z of Q. If zis on Q’ and y not on Q” it must be a tangent to Q 
ata. If zis not on Q’ and y is on Q” it must be a tangent to Q” aty. Ifz 
is not on Q’ and y not on Q” it must be a tangent to Q at z. Since every 
point z of Q is on one such line, the number of points on Q if Q’ and Q” are 
of the same sort is 


(Q, — 1) 1) + — 1) + (Q,—1) +9, = Ep — 1 
and Q is an E quadric. If Q’ and Q” are unlike the number of points on Q is 
1) 1) +(Q— 1) + = 1 


and Q is an O quadric. 

The above suggests for p = 1 an obvious construction for the null system C 
and its quadrics in S.,_; when a null system and its quadrics in S2,_3 are given. 

According to (62), the 2?” quadrics Q are determined by pairing the 27° 
quadrics Q’ with the 27°?- quadrics Q’”’. If Q has the section Q’ every quadric 
Q + S? where S is a null S2,_2 on S2,_; has the same section. S then must be 
the null S:,-» of a point y on Sop_,)-1. If y lies on Q”, Q + S? is of the 
same type as Q, otherwise of a different type. Thus 

(63) If S2,-1 has no null subspace and if E (p) is an E quadrie belonging to 
the section of C by S2,-1, there are E,_, E quadrics and 0O,_, O quadrics con- 
taining E,; if O (p) is an O quadric belonging to the section of C by S2,-1 there 
are Op, E quadrics and E,_, O quadrics containing O (p). 

For p = 1 we have the second case in (54), since then a quadric E (p) is 
a pair of points and a quadric O (p) has no real points. 

We have therefore a method for determining the number and kind of quad- 
rics on a group of points which lie in a space which has no null subspace. 
Taking up again the case of 2 points, azygetic in pairs, which lie in S2,-1 
we first find how many quadrics Q (p) are on these points. Taking the points 
as a reference basis in S2,-; the quadric on them must be 


22:7, = 0 t<k). 


To find the type of this quadric we note that a point lies on it if 4r or 4r + 1 
of its coérdinates are not zero. The number of its points is (4°) + (7?) 
+ (%)+.---. Adding and subtracting (7?) = 1, this number is obtained 
from the expansions of (1 + 7*)?,s = 0,1, 2,3, and is 


(2 + 1)? + (1 — (1 + + (1 + (1 — 1; 


i. e., E, — 1 if p =0, 1 (mod 4) and 0, — 1 if p = 2,3 (mod 4). Hence 
from (63), 
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(64) The Steiner sets of 2p points of a self dual basis of C have in common 
Q,—, Q quadrics if p = 0,1 (mod 4); and 2... Q quadrics if p = 2,3 (mod 4). 

When p = 1 we obtain again the second case of (54). Theorems (61) and 
(64) exhaust the cases arising from points of a self dual basis of C. 

The above canonical form of a quadric is of especial interest for p = p. 
It is determined by 2p points of a basis and must coincide with the quadric 
of (41) when p is even. 

(65) If the 2p points of the reference basis x of S2p-, belong to a self dual basis 
of C, the unique quadric belonging to C and on the 2p basis points 


= 0 


coincides with the quadric (41) when p is even. When p is odd the quadric does 
not contain the (2p + 1)th basis point nor the residual points of the reference 
basis, but does contain the remaining residual points of the basis. It is an E or 
an O quadriec according as p = 0, 1 or p = 2, 3 (mod 4). 

We define a Kummer set of quadrics to be all the quadrics which do not 
pass through a point. The Kummer and Steiner sets of a point exhaust the 
2°? quadrics. A Caporali set of quadrics consists of all the quadrics which are 
skew to an ordinary line.* By analogy with the Steiner sets, a Caporali set 
might be called a second Kummer set. But the analogy could be carried no 
further, since any S;, k > 1, meets every quadric in real points. 

Quadrics and squared S2,_»’s constitute a linear system, R2,; squared S2p_2’s 
constitute a linear system S.,_;. The quadrics common to the Kummer sets 
of r linearly independent points satisfy r inequalities and by the use of (3) we 
see that 

(66) The Kummer sets of r linearly independent points have 2?°~ quadrics 
in common. 

An obvious argument from (54) shows that 

(67) The Kummer set of a point contains 2??-? Q quadrics. The Kummer sets 
of two syzygetic points have 2?”-* () quadrics in common, of three points on a null 
line no quadrics in common. The Kummer sets of two or three points on an 
ordinary line have @... Q quadrics in common which constitute a Caporali set. 

Let us consider the Kummer sets of three points which form a triangle taking 
up the Cases I, ---, IV defined above. In case I, a quadric common to the 
three sets must contain y + z+? and that point only. By projection from 
the point we ask for the quadrics not on the three points of an ordinary line, 
i. e., a Caporali set of the projected space. We originally had therefore 2 -  - 
@ quadrics. In case IV, the common quadrics contain the null line y + z, 
7 *Cf., for the nomenclature: TimerpinG, Ueber die Gruppirungen der Doppeltangenten 


einer ebenen Curve vierter Ordnung, Journal fir Mathematik, vol. 122 (1900), p. 
209, where the terms are analogously defined for odd quadrics, p = 3. 
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z+ t,t+ y, and are projected from this line into the Kummer set of a point 
whence originally there were 


4 . 22% p—2)—-2 — 92p-4 


Q quadrics. In case II, the common quadrics contain z + ¢ and are projected 
from this point into a Caporali set so that originally there were 2 - 0.2 
@ quadrics. In case III, a quadric not on y, z, ¢ must be ony+#,2z+8, 
y +2z-+¢ and we thus get again the case of (57) with the same result as our 
present case IV. Hence 

(68) The Kummer sets of the vertices of a triangle have in common 27% 
quadrics. These consist of 2 Gs Q quadrics if none or one of the sides of the 
triangle are null lines, of 2°”~* Q quadrics if two or three sides of the triangle are 
null lines. 

Case IV is easily generalized. Let 2, ---, 2™ be a reference basis of a 
null S,,-;. A quadric common to their Kummer sets must contain a null 
Sm—2 in without containing S,,;. Projected from becomes 
a point and the quadric belongs to the Kummer set of the point; whence 

(69) The Kummer sets of the points of a reference basis of a null Sn». have in 
common 2??—™—! Q quadrics which divide into sets of 2"~'. 

To determine the quadrics common to the Kummer sets of a number of 
basis points we can utilize a new canonical form of the quadric. Take for 
reference point basis 2p points of a basis of C and let 7, ---, x2, be the 
coérdinates. Any quadric not on the 2p points must contain every squared 
term and, the pairs of points being azygetic, must also contain every product 


2p 
term and therefore is = 23 + q’, where 
i=1 


Since Lz; is the polar S:,-» of the unit point as to q’ and this point lies on q’ 
if p is even, q is of the same type as q’ if pis even. Or, from (65), ¢ is an E 
or an O quadric according as p = 0, 3 or = 1, 2 (mod 4). 

(70) If the 2p points of the reference basis x of S2p-1 belong to a self dual basis 
of C, the unique quadrie not on the 2p basis points 


> + = 0 (i, k=1, +++, 2p; i<k) 


2p 
i=1 


is the quadric (41) when p is odd. When p is even, the quadrie does not contain 
the residual points of the reference basis but does contain the (2p + 1)th basis 
point and the remaining residual points. It is an E or an O quadric according 
as p = 0,30r = 1,2 (mod 4). 

Given then an even number 2p of basis points. They lie in an S2,_; without 
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a null subspace. A quadric not on these points is cut by S2,-1 in a quadric 
@(p) not on these points. According to (70) there is a unique quadric 
Q (p) of this type. From Q(p) we pass to the original quadric as in (63) 
and find that 

(71) The Kummer sets of 2p points of a self dual basis of C have in common 
Q,—. Q quadrics if p = 0, 3 (mod 4), and a Q quadrics if p = 1, 2 (mod 4), 

2p + 1 points of a self dual basis lie in an S:, which has a null subspace So 
and any quadric not on the 2p + 1 pointsison So. By projection and section 
from Sp» we obtain the case of (71) and have therefore shown that 

(72) The Kummer sets of 29 + 1 points of a self dual basis of C have in 
common 2 Qp—,-1 Q quadrics if p = 0, 3 (mod 4), and 2 Q,---1 @ quadrics if 
p = 1, 2 (mod 4). 

The Steiner and Kummer sets have received considerable attention in the 
particular case, p= 3. Numerous other sets are suggested by the smaller 
values of p and can be readily generalized and discussed by the foregoing 
methods. In the next paragraph a somewhat different point of view is em- 
phasized and again the geometrical method of treatment seems most effective. 


$6. Systems of Quadrices. 


A linear system F, of quadrics is determined by r + 1 linearly independent 
quadrics Q, Qi, ---, Q,. The sum of any even number of the quadrics is 
the square of an Ss,» which has a null point y. Let Q + Q; have the null 
point y. Then F, determines an S,; with the reference basis y, ---, y™. 
Moreover any reference basis of S,; together with any quadric of F, deter- 
mines F,. Let us call S,_,; the allied space of F,. Two systems, F, and F,, 
with the same allied space and a common quadric coincide. Thus the 2?” 
quadrics can be divided in a single way into 2?” systems F, with a given 
common allied space S,,. These 2?” systems F, are called a complex 
allied with S,.1. Two systems, F, and F,, are skew systems or null systems 
of each other if their allied spaces are respectively skew spaces or null spaces 
of each other. ‘Two skew systems may or may not have one common quadric. 
The two cases can be distinguished by the respective terms partially skew or 
completely skew. A Gépel system F, has for allied space a null S,1; a Gépel 
system is allied with a Gépel space S,_;.* 

There are two types of system Fy), namely, an E quadric and an O quadric. 
There are three types of system F, a pair of E quadrics, a pair of O quadrics, 
and an E and O quadric. The allied space Sp is on the quadrics in the first 
two types but not in the last. 

Let a system F, be determined by the quadric Q and the allied space S; 


*Cf., for these definitions, K., p. 296, § 9. 
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with points y,z,¥-+2. The system contains four quadrics, 
Q, Q+C(2’?,y), Q+C(2’,2z), y+2), 


whose sum is identically zero. Any three of the four determine the system. 
According as the line S; is skew to, tangent to, secant to, or on, Q, three, two, 
one, or none, of the quadrics are Q quadrics. That is, the set of four contains 
an even number of each kind if S; is a null line, an odd number of each kind if 
S; is an ordinary line. In the first case we say that any three of the four 
are syzygetic;* in the second case any three of the four are azygetic.* There 
are then five types of system F:: three syzygetic types with 4, 2, 0, E quad- 
rics respectively; and two azygetic types with 3, 1, E quadrics respectively. 
In the first and third types S, is a generator of the four quadrics; in the second 
type S, touches one pair at one point, the other pair at another point; in the 
fourth and fifth types S, is skew to the one quadric and cuts the other three 
in two out of three of its points. 

Given two quadrics of the same type, Q, Q’ = Q+ C (2?, y), where y 
is on Q, the number of pairs which can be added to the given pair to form a 
syzygetic or azygetic system is determined by the numbers o;, o2, a3, [ (33) 
and (34)]. Ifthe given pair are of opposite type, Q, Q , the numbers po, p1, p2, 
serve. Hence 

(73) Given two quadrics Q, Q’, there are Os pairs Q, q.: and Q,-1 — 1 
pairs , each syzygetic with the two and pairs Q” , each agyzetic 
with the two; given two quadrics Q, .Q, there are Pop—3 pairs, Q’, Q’, each syzygetic 
with the two, and Q,-1 pairs Q’, Q”, and pairs Q’, each azygetic with 
the two. 

Similarly, the numbers 7», 71, 72, 73 [ (35) and (36)] serve to determine 
the number of sets of three quadrics syzygetic or azygetic with one given 
quadric. 

(74) A Q quadric is syzygetic with é... (Q, — 1) triads Q’, Q, Q’ and with 
3 1) (Qp1—1) triads Q’, Q”, azygetic with 10, Qp-1 triads 
Q, Q’, Q”, and with 2°?-* (Q, — 1) triads Q’, Q”’, Q. 

An obvious enumeration and the use of (38) leads to the following result: 

(75) There are Qp(Qp — 1) (Qp-1 — 1) = Pops Qp-2 syzygetic 
tetrads Q, Q’, Q”, Qs Qp-1 (Qp — 1) = 277 Pop-3 syzygetic 
tetrads Q, Q’, Q, and azygetic tetrads Q, Q’, Q. 

Let s, ---, s@?*) , be a self dual basis of C and let Q be any quadric. 
Q and the 2p +1 quadrics Q® = Q + S$? are subject to the single 


2p+1 


relation >> Q® = 0. Any three of the quadrics are azygetic if S + S®, 
i=0 


S® + S®, S®© + §® do not form a null pencil. S® + S and S 4+ S® 
*K., p. 253. 
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are in an ordinary pencil if 
(S®+ S%)+4+ (8, SM)4+(S, SM) +0. 


But by the definition of the basis, (S@, S”) +0. Such a set of 2p + 2 
quadrics any three of which are azygetic is called a fundamental set and is 
denoted by F.S. If the set be given and one be added to the others the 
squares of 2p + 1 S2,_2’s are obtained which must form a basis because of 
the azygetic property of the quadrics. Thus a basis determines 2”? F.S.’s 
while an F.S. is determined from 2p + 2 bases. The number of sets then is 
Ngc2??/ (2p + 2). 

(76) A fundamental set, F.S., of 2p + 2 quadrics (a set such that all are 
connected by one linear relation and any three are azygetic) is,obtained by adding 
one quadric to the squared S2p_2’s of a basis of C. If any quadric of a F.S. be 
added to the others a self dual basis of C is obtained. The number Ny of F.S.’s is* 


In (41) we showed that with a self dual basis y;, --- , y2p+1, there is associ- 
ated a unique quadric 


= (2p+ 2)! i. 


R, yi yr (i, k=1, «++, 


From the basis and R, we can construct a definite F.S. which has certain special 
properties and which will be called a normal F.S. Since R, contains the basis 
points if p is even, the quadrics of the normal F.S. are then all of the same 
type. When p is odd R, is the only one of its type. 

(77) The normal F.S. determined by the basis y of C and its quadric R, con- 
tains only E quadrics if p = 0 (mod 4); contains only O quadrics if p = 2 
(mod 4); contains the O quadric R, and 2p + 1 E quadrics if p = 1 (mod 4); 
and contains the E quadric R, and 2p + 1 O quadrics if p = 3 (mod 4). More- 
over a F.S. which contains 2p + 1 quadrics of the same type is a normal F.S. 
for which the remaining quadric is R,.7 

The last statement is proven as follows: Let Q, Q+ yi, i= 1, 2, ++, 
2p + 1, bea F.S. such that the quadrics Q + yj are all of the same type. The 
null points of y; and ye are both on or both off Q according to the type of 
Q+y%. Their line is an ordinary line since any three of the quadrics are 
azygetic and is either a secant or skew line of Q. In either case the residual 
point, the null point of y; + ye is not on Q, and Q is the quadric R, associated 
with the basis. 

Any F.S., Q, Q + yj, determines not only the basis y but also the 2p + 1 
bases gotten by varying k in y., yx + yi (1 +k). This set of 2p + 2 bases 
*Cf. K., pp. 283-5. 

7 Cf. K., pp. 274-6; also p. 288. 
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is a symmetrical set consisting of any one basis and its residual points. The 
set is transformed into itself by a Ge p+2),, the symmetric group on the 2p+2 
bases, which is generated by the (p + 1) (2p + 1) involutions J, on the point 
x belonging to the bases. Sample involutions are y; = yi, yx = Ye + Yi 
((+k) and Yr=yw(l+i, l+k). The quadric R, 
attached to one basis is also attached to the others if p is odd since according 
to (41) it contains neither the basis points nor the residual points. But if 
p is even, the basis points are on &, and the residual points are not, whence there 
are 2p + 2 quadrics R,. 

(78) The points and residual points of a basis form a basis configuration, 
i. e., a set of (p +1) (2p+ 1) points which can be divided into a basis and its 
residual points in 2p + 2 ways, each point lying in two bases. The configur- 
ation is unaltered by a G @p+2): generated by the involutions on its points, which 
is symmetric on its bases. Any F.S. determines a basis configuration. 

If p is even, the basis configuration determined by a normal F.S. contains 
bases whose quadrics R, make up the normal F.S. But if p is odd the basis 
configuration of the normal F. S. determines the unique quadric /,, isolated 
in the normal F.S. R, and the basis configuration determine 2p + 2 normal 
F.S.’s containing (p+ 1) (2p+ 1) quadrics (each quadric in two F.S.’s) 
apart from R, which occurs in each F.S. 

(79) If p is even a normal F.S. contains the 2p + 2 quadrics attached to the 
bases of the configuration deter mined by the F.S. and is invariant under the con- 
figuration Gps). If pis odd, a normal F.S. ts one of a set of 2p + 2 normal 
F.S.’s each having the same isolated quadric and basis configuration. The con- 
figuration Gep+2), permutes the 2p + 2 F.S.’s symmetrically, each F.S. being 
invariant under the G (2p41); attached to its particular basis. 

For example, when p = 2 the 15 points of S; form a single basis configur- 
ation containing the 6 bases in S;. There is but one normal F-.S., consisting 
of the 6 O quadrics attached to the 6 bases. When p = 3, a normal F.S. 
containing one E£ quadric and 7 0 quadrics determines a basis configuration. 
This configuration contains 8 bases and arises from 8 normal F.S.’s each having 
the same FE quadric. That is, the Aronhold sets of seven can be grouped in 
36 ways, corresponding to the even characteristics, into 8 sets, each odd char- 
acteristic occurring in two sets. 

The following enumeration is immediate: 

(80) If p = 0 or 3 (mod 4), for each E quadric there are Ngc/ E, self dual 
bases of C whose lines are secant or skew lines respectively of E. If p =2or1 
(mod 4) there are Nge/ O, self dual bases of C whose lines are secant or skew 
lines respectively of O. If pis odd the bases can be grouped into basis configur- 
ations. 

The normal F.S. affords a convenient method for studying the general F.S. 
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2p+1 
Let Q, Qi, +++, where Q+Q;=y;, be any F.S. Since >> y? = 0, 
1 
2k 
any S2p-2 can be expressed as >) y?, where k=1,---,p. Hence Q itself can 


2k 
be written as, Q = R, + >\y’, and the FS. takes the form 


Q and R, are of the same or different type according as i is even or odd. The 
quadrics Q), divide into two sets, according as yj does or does not occur in 
+. Hence we have 

(a) 1 quadric Q of the form R, + > yi, 

(8) 2k quadrics of the form R, + yi = R, 


2k+1 2p—2k 


(y) 2p + 1 — 2k quadrics of the form R, + >> = Ry + Dd 


Quadrics (a), (8), (vy) are of the type FR if respectively & is even, p — k 
is odd, p — kis even. Thus we have the table: 


Number of O quadrics 


Residue of p modulo 4 R of type 


for k even for k odd 


2(p—k)+2 
2(p—k)+1 

1 2 2k 

2k + 1 


Hence if s is the number of O quadrics, s = p (mod 4). Moreover, for any 
such number s, a F.S. containing s O quadrics can be constructed by deter- 
mining /& in the table from the given s. The required F.S. can be written 
down in terms of the basis and 2k arbitrarily selected S2,_»’s of it. Since any 
two bases are conjugate and within a basis any two sets of 2k spaces are 
conjugate, then any two F.S.’s with the same number s are conjugate, provided 
that the same F.S. can be determined from & even or k odd—a double pos- 
sibility for the same s. Denote by y’ the basis 


, 


2k 2k 2k 2 
If p is odd let y; be not contained in >> y?.. Then R, = Ry, Dy? = DYyi, 
and the above FS. is 


2k+1 2k+ 2k+1 


1 
Q=(Ry+ Dy’), Q=(Ry+ )+y7, 
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But 
= 2 - 
Hence, if p is odd, k can be replaced by p—k. If p is even, let y; be in 
2k 
Then 


R,=R,+y, 


and the original F.S. is 


2k—1 2k—1 2k-1 


Q=(Ryt+ Q=(RyA )t+y7, Q=(Ry+ Dy 


2k—1 2( p—k)+2 
Since Dy? = » if p is even, k can be replaced by p—k+1. Thus 
the same F.S. can be gotten from an even oranoddk. If Q and Q; are of the 
same type, the involution, J,, determined by Q +- Q;, interchanges Q and Q, 
and leaves all the other quadrics unaltered. No collineation other than the 
identity can leave every quadric unaltered. 

(81) A F.S. contains s O quadrics, where s = p (mod 4). If s = p (mod 4), 
there are N/ {s!(2p+2—s)!} F.S.’s containing s O quadrics, all conjugate 
under Gy and each invariant under a subgroup Gs ep42-s): Of Gy. This sub- 
group ws the product of the interchangeable groups Gs, and Gp+2-s): the symmetric 
groups on the O and E quadrics respectively of the F.S. The subgroup has an 
invariant quadrie or an invariant space (the sum of the O or E quadrics in F.S.), 
according as p is odd or even. It has also two invariant skew spaces Ss. and 
Sop—s, the allied spaces of the O and of the E quadrics. The F.S. can be obtained 
from a normal F.S. by adding a squared S2p~2.* 

Let S,_1 be a Gépel space, F, a Gépel system. If F, contains two quadrics, 
Q and Q, of different types, any third quadric Q’ of F, is syzygetic with the 
two and therefore paired with a fourth Q’ of different type, so that Q+ 
=0. Hence F, contains 2?—! E quadrics and 2?~! O quadrics. 
If however the quadrics of F, are all of the same type, they all must contain 
S,-1. Since there are, on a null S;,, 2**1 Q,_.-1 Q quadrics [60], and Ey = 1 
while Og = 0, S,_1 is on 2” E quadriecs and those only. Hence 

(82) In every complex of 2” Gépel systems there is one Gépel system which 
contains only E quadrics; each of the 2° — 1 other Gépel systems contains 2?—! 
@ quadrics. Each set of 2?-!Q quadrics has an allied null space Sp». which 
lies on every quadric of the set. Any three quadrics in a system are s yzygetic.T 

A precisely similar argument applies to the case where the S,,_, allied to the 
system F,, is a null S,_,. If FP» contains a quadric of each type half of the 
2” quadrics in F,, are Q quadrics. If all the quadrics are of one type they 
*Cf. K., pp. 286-9; XXVIII-XXXI. 

+ K., p. 300, XXXIV. 


i 

278 | 

2k 2k—1 

} 

| 


274 A. B. COBLE: FINITE GEOMETRY [April 


all contain S,»-1. There are 2” Q, ~m Q quadrics containing S,,,; and these 
divide in a unique way into sets of 2” with the allied space S,,-;. 

(83) If Ss is a null space, the complex of 2°°-™ F,,’s with the allied space 
Sm—1 contains Qp-m systems F, containing only Q quadrics. The members of 
these systems contain The remaining 2°°?-™ systems Fp contain 
2™~! quadrics of each type.* 

Denote by ¢¢, the system F,, containing quadrics of the type Q only. 
Such a system becomes, after projection and section from S,1, a single 
quadric of type Q in the derived space 22,1, 7 = p— m. From the de- 
finition of syzygetic and azygetic quadrics in 29,_; we have 

(84) Three systems ge,» allied with the null S,—1 are contained in a system 
Fro allied with an Smii on Sn. The three systems are syzygetic or azygetic 
according a8 S41 1s a null or an ordinary space. The entire theory here developed 
of the quadrics Q belonging to C in Sep-1, when applied to the quadrics belonging 
to C,, in X2,-1 yields an analogous theory of the systems go, m in S2p-1. 

This theorem is due essentially to FropeNntust though its remarkable utility, 
exemplified in many of the preceding theorems, is clearly apparent only 
when it is viewed as a result of the general process— projection and section 
from a null space. 7 

Let us now investigate the “ section C, of C by the space S2,-1 which has 
no null subspace ”’; i. ¢., by the Rosenhain space S2,-,. Let us call a system 
of quadrics, F2,, with the allied Rosenhain space, S2,-1, a Rosenhain system. 
A Rosenhain space, S2,-,:, determines its complementary skew Rosenhain 
space, S(p_,)-1, the two being null spaces of each other. According to (62) 
and (63), 

(85) The 2°° quadrics of a Rosenhain system F2, allied with an S2,-; have 
the same section Q (p — p) by the complementary Rosenhain space S2(p—,)-1- 
They divide into E, Q quadrics and O, Q quadrics. The complex of 2*?-? 
Rosenhain systems with the allied S2,-, contains E,_, systems with E, E quadrics 
and O, O quadrics and O,_, systems with E, O quadrics and O, E quadrics. 

Denoting by ~¢,, and Yo,, these respective systems we obtain the theorem 
analogous to (84): 

(86) Three Rosenhain systems Wo,, allied with the Rosenhain space S2,-1 
are contained in a system F 2,9 allied with an S2,41 which cuts the complementary 
Rosenhain space Soip~,)-1 in an S,. The three systems are syzygetic or azygetic 
according as S2,,1 is not or is a Rosenhain space; or also according as S, is not 
or is an ordinary line, i. e., a Rosenhain S,. The theory developed above of the 
quadrics Q belonging to C in Szp-1, applied to the quadrics belonging to Cy_, 
in So(p—,)-1, ylelds an analogous theory of the systems in S2p-1. 

*K., p. 303, XXXVI. 

+ Cf. K., pp. 302-5, where references are given. 

t For p = 2, p = 1, ef. K., pp. 337-8. 
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Let us determine finally the number of E and O quadrics in the general 
system F, with allied space S,.;. Let S,_; have the null subspace S,,_; with 
reference basis ---, 2™. Let S,n-1 be a space skew to S,,_; in S,-1 
with reference basis y™* , ---, y® which is part of a self dual basis of C. 
According to (20), r — m is even and S,»—; is a Rosenhain space. F, is fixed 
by means of S,_; and any one of its quadrics Q. If Q contains S,,_; so also 
does every quadric of F,. Then either all or none of the quadrics of F, 
contain S,_:. In the latter case Q and S,,_; determine a system F,, and by 
adding to F,, the null spaces of the 27" — 1 points in S,_»-;, 27” systems F,, 
are obtained each consisting [see (83)] of 2"-'Q quadrics. The systems F,, 
exhaust the system F,, whence F, contains 27! Q quadrics. In case, 
however, Q contains S,,_;, the system F, becomes by projection and section 
from S,,;, a system F,_, with an allied Rosenhain space derived from the 
projection of S,»-1. In Se,-; the complementary Rosenhain space of 
S,-m—1 is an Which has in common with the null S2,~m—1 of an 
Sop—m—(r—m)—1 Which contains and a skew space This 
last space and S,_»—1 itself project from S,,_; into complementary Rosenhain 
spaces in 22,1. Then theorem (85) can be applied to the system F,—, in 
and the result translated to S2,-,. Hence 

(87) A space S,, with null subspace S»—; is determined by the Gépel space 
Sm—1 and a skew Rosenhain space S,-m-1. The complementary Rosenhain space 
cuts the null space of the Gépel space in an S2p~m—(r—m)—1 which can be determined 
by the Gépel space and a skew S2(p~m)—(7—m)-1. By projection and section from 
the Gépel space, S,-m—, and S2(p~m)—~—m)—1 become complementary Rosenhain 
spaces. 

A system F, determined by Q’ and S,—; contains 2"—! Q quadrics if Q’ does not 
contain If Q’ contains Sp, and meets in a quadrie of 
type Q” , then F, contains 2™ quadrics of type Q” and 2” O quadrics 
of type Q”’.* 

KRaAZER remarks (p. 266) that the Per. and Th. Char. have been confused 
by various writers. He notes (pp. 253-4) some points of difference between 
the two but does not call express attention to the fact—fundamental in the 
exposition here given—that the coefficients of the transformation occur linearly 
in the transformation of the Per. Char. and quadratically in the transformation 
of the Th. Char. Though we find (p. 254) that ‘‘ die Summe einer geraden 
Anzahl von Th. Char. sich wie eine Per. Char., die Summe einer ungeraden 
Anzahl von Th. Char. aber wie eine Th. Char. transformiert,’’ yet it is stated 
(p. 284) that “ Die Summe der 2p + 2 Th. Char. eines FS. is [0],” i. e., is 
the zero Th. Char.; and (p. 305) that “ Durch . . . der Addition einer be- 
liebigen Th. Char. zu den simtlichen Th. Char. eines Systems geht ein System 
von Th. Char. immer wieder in ein System von Th. Char. iiber.”’ 
K,, p. 301, XXXV. 
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Consider also the statement (p. 270): “‘ Man fasse nun die (Per.) charak- 
teristiken des F.S. als Th. Char. . . . auf.” A Per. Char. can be regarded as 
a Th. Char. only through the intervention of some given Th. Char. which 
Krazer implicitly takes to be the zero Th. Char. However if entire accuracy 
is sought in the use of such a process one should state whether the resulting 
theorems are or are not independent of the given Th. Char. employed for the 
transition, i. e., whether the results are covariant under Gy or covariant only 
under the subgroup of Gy defined by the given Th. Char. Such distinctions 
or limitations are almost self evident from the geometrical point of view. 


BALTIMORE, 
June 1, 1912. 


CONFORMAL TRANSFORMATIONS ON THE BOUNDARIES OF 
THEIR REGIONS OF DEFINITION* 


BY 


WILLIAM F. OSGOOD ann EDSON H. TAYLOR 


Riemann’s problem of mapping a simply connected plane region whose 
boundary consists of more than a single point conformally on a circle as normal 
region may be divided into two parts: (a) the internal problem; namely, 
the map of the interior points,t and (b) the boundary problem; namely, the 
behavior of the map on the boundary. 

The first of these problems was treated by RrEMANN in his dissertation with 
the aid of Dirichlet’s principle, and rigorous proofs were supplied for regions 
with restricted boundaries by Scuwarz and NEUMANN, the general case being 
established by Oscoop through methods due to Porncaré. 

The second problem was solved for analytic boundaries by Schwarz, the 
case of vertices being disposed of by Picarp.t ParnLevé§ treated the case 
of arcs of boundaries that are convex regular curves, and his results can be 
extended by mere linear transformations to any boundaries consisting of ares 
of regular curves with continuous curvature. For wholly arbitrary boun- 
daries the problem of the continuity of the map on the boundary was con- 
sidered by Oscoop|| in a series of theorems. It is the purpose of the present 
paper to give proofs of these theorems and to supplement them. 

The propositions of § 5,—more particularly, Lemmas 2 and 3, for in 
Lemma | it is only the uniqueness of the function that is new,—were sug- 
gested by intuition, a harmonic function being thought of as the temperature 
in a flow of heat or the potential in a flow of electricity. 

In the comprehensiveness of the results here obtained, applying as they do 
to the most general boundaries that consist of a single piece and more than 
one point, lies, it is believed, an intrinsic interest. So many problems of 


* Presented to the Society December 30, 1902 and April 30, 1910. 

+ For an account of the first problem and the second in the case of analytic boundaries, with 
references to the literature, cf. Oscoop, Lehrbuch der Funktionentheorie, vol. 1, 2nd ed., 1912, 
chap. 14. 

tPicarp, Traité d’analyse, vol. 2, chap. 10, § 7. 

§Comptes Rendus, vol. 112 (1891), p. 653. 

|| Bulletin of the American Mathematical Society, vol. 9 (1903), p. 233. 
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mathematics must be restricted in order to be treated at all, that it is a source 
of satisfaction when the most general result of its class can be established. 


§1. Line and Surface Integrals. 


Let the functions u, u;, uw be harmonic in a finite region S of the (2, y)- 
plane, whose boundary is denoted by C. Under suitable further restrictions 
pertaining to the boundary and the behavior of the functions there, the fol- 
lowing equations are familiar.* 


Ss Cc 

(C) Uy ou ds = | w oa ds; 
Cc 
(D) ds = 0. 
Cc 


We shall need these equations for a somewhat more general case than the 
one ordinarily treated. It is sufficient for our purposes to assume that C 
consists of a finite number of arcs, each analytic inclusive of its extremities. 
Let P be a vertex of C, and denote the angle at P by a; then shall 0<a<2z. 

The functions u, wu, U2 shall satisfy the following conditions: 

1) uw, Uy, Ue are finite and harmonic within S; 

2) uw, Uy, Ue are continuous on the boundary; 

3) the first partial derivatives of u, wu, uw. are continuous on the boundary 
except at one or more of the vertices. In the neighborhood of such a vertex, 
P, each of these derivatives remains less numerically than Cr~“, where r 
denotes the distance of (2, y) from P, where C and uy are constants, and 
where 0 < < 1: 


Under these conditions it is readily shown that each of the above integrals 
which is an improper integral converges. Let S’ be the part of S that remains 
after a small neighborhood of each vertex P has been cut off by an arc y of a 
circle of radius h and center P. All four equations hold for the region S’. 


= In all line integrals involving ds, which appear in this paper, ds is taken as a positive 
quantity. Cf. the definition laid down by OsGoop, Funktionentheorie, vol. 1, chap. 4. 


| 
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Moreover, it is seen that the contributions of the above line integrals due to 
the arcs y all approach 0 simultaneously with h, and this establishes the four 
equations under the given conditions. 


§2. A Lemma. 


Lemma. Let wu satisfy the following conditions: 
1) u ts finite and harmonic within S; 
2) = 0, 
where L denotes an arc of the boundary of S abutting on 
a vertex P, the relation holding at all points of L except 
P; 
3) 


z=2-+ yi-plane 


the relation holding at all points of L’ except P .* 
Then 
du C Ou C 
where r denotes the distance of (x, y) from P, where C is a positive constant, 
and where p = 1 — 3v, v= Moreover, u is harmonic along L’. 
Let the interior of S be transformed conformally on the upper half of the 
w= &+ mi = pe-plane by means of the function 


(1) w= f(z), 

the point P going over into the point 0: w=0. Then w, considered as a 
function of £, 7, is finite and harmonic throughout the interior of a semi- 
circle K,: |w!< Ry, 0 < 7; and if Ry be 
suitably restricted, u vanishes along the 
radius 0Q:: 6= 7, 0< p < Ro, while 


w= + ni=pe%-plane 


vanishes along the radius 


0Q2:0=0, 0<p<R. Hence u is 
capable of harmonic continuation by re- 
flection across OQ, into the lower half- 
plane, and uw, thus extended, is seen to 
be harmonic throughout the domain 
K:0< p< Ry, 


Consider the function 
06 
*It is assumed throughout the paper, when the condition is imposed that a normal de- 
rivative vanish, that the first partial derivatives of the function are continuous along the 
piece of the boundary in question except at the extremities of the arc. 


> L 
P 
Ou 1 Ou 
kK, On p 06 
Q 
O 
K, i 
Fia. 2. 
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This function is harmonic in K, as follows by substitution in Laplace’s equa- 
tion. Moreover, v vanishes on each bank of the cut 0Q. : 8 = 0, since along 


the upper bank 
Ou 1/fdu 
= 0 
0 an (0 <p) 
and along the lower bank 


06 6=22- 06 6=0+ 


Subject the w-plane to the transformation 


W = & + i=cert-plane W wi 


where 


W = ce", c=Vpo, w= 36. 
Then v goes over into a function of ¢, w: 
v=f(o,w), 


harmonic within the semicircle 
and vanishing along the diameter Q,' Q}, 
except perhaps at 0’. It is, therefore, 
possible to continue v by reflection har- 
monically across this diameter, and we are thus led to a function harmonic 
throughout the complete circle K’: 0 <a < V Ro except at 0’. 

The function v can be developed into a series of the form* 


Fic. 3. 


v=kloga+ > o* (a, cos nw + b, sin nw), 


where 


1 
a, = — f V cos nw dw, n +0; b, = - =f V sin nw dw, 
0 7a” Jo 


1 


ag = 


=f Vdw — k log a, V =f(a,w) (0<a<VR). 
0 


We proceed next to show that a, = 0 and that b:, = 0. In points of K’ 
situated symmetrically with respect to the axis of &’, v has values that are 
equal and opposite, while cos nw has equal values. Hence 


V cos nw dw = — f V cos nw dw 
0 


a, = 0, n + 0; ao = — kloga. 


and 


*Oscoon, Lehrbuch der Funktionentheorie, vol. 1, 2nd ed., 1912, p. 660. 


Qi 
K K; 
O WLR, 
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Furthermore, in two points of K, and K; which are situated symmetrically 
with respect to the axis of 7’, » has equal values, since such points are the 
images of points in the w-plane situated symmetrically with respect to the 
axis of reals, and in these latter points u has values which are equal and op- 


posite. Hence 
(O<a<VRo). 


-w)= ~sinn(3 +.) 


if nis even. Hence, for such values of n, 


Sar /2 
f V sin nw dw = -{ V sin nw dw, 
w/2 


bom = 0. 


But 


The result thus far obtained is, then, this: 


+ D sin (2n+ 1). 


Since v = 0 when 6 = 0, and hence when w = 0, it follows that k = 0, ag =0. 
Consider next the function wu carried over into the W-plane. Since 


it follows that 
Ou = 
= 2 sin (2n +1). 


Ow n=—@ 


The function u vanishes along the line w = 7/2. Hence u and its harmonic 
continuation will be given at any point (¢, w) of the circle K’ distinct from 


"Ou 


o being held fast. Along this path the above series converges uniformly. 
Hence 


the center by the integral 


= 
22 1° os (2n+ 
So much, independent of the condition that wu be finite. Imposing this 
condition, we see that* 


* Oscoop, Funktionentheorie, vol. 1, pp. 647 and 656. 


|__| 
sinn| > 
or 
Ou Ou 
j 
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= O, 2n+1< 0. 


For, u can have at most a removable singularity at O’ , and if u be defined there 
by its limiting value, it will be harmonic there and so admit a unique develop- 
ment of the above form, no negative powers of o entering. 

Finally, returning to the w-plane, we have: 


=. bs 2n 
2 u=—2 ant} ? cos—— 
(2) Lon + 1° 


From this development it is seen that in the neighborhood of the point 0 


M \Ou M 
@) pt’? |dn| ~ pt? 


where M denotes a positive constant. Furthermore, wu is harmonic along L’. 
To complete the proof we need the theorem of the next paragraph. 


§3. An Asymptotic Approximation for the Map near a Vertex of the Boundary. 
TueoreM. [If the function f(z) of § 2 be written in the form 


(4) f(z)=22(2), v=", 


the point z = 0 being taken at P, then \ (z) approaches a limit not 0 when z, 
remaining in S, approaches 0 as its limit. 

A proof of this theorem may be given by means of the results obtained by 
KetitocG.* Let the region S be transformed on a region = of the Z = 
X + Yi-plane by the equation 

Z= 2". 


Through the above function Z = 2” and the function (1): w=f(z) the 
region > is transformed on the upper half of the w = &+ ni-plane, Z = 0 
going over into w = 0. Consider a finite portion 7 of the latter half-plane 
bounded by a curve having continuous curvature and including so much of the 
neighborhood of w = 0 as lies in that half-plane. Let T also be so restricted 
that the boundary IT of its image 2’ in = will have continuous curvature 
except at Z=0. It is readily shown that T satisfies Kellogg’s Condition (A), 
p. 41, of the first paper cited. 

Furthermore 7, regarded as a function of X, Y, is harmonic within >’ 
and is 0 in all the boundary points near Z = 0, while its boundary values in 
all points satisfy Kellogg’s Condition (B), |. c., p. 42. It follows, then, from 


*O. D. Ketioce, these Transactions, vol. 9 (1908), p. 39 and p. 51; ibid., vol. 
13 (1912), p. 109. 


1 


1913] CONFORMAL TRANSFORMATIONS 283 


Kellogg’s results that the first derivatives of 7 in 2’ approach continuous 


boundary values. 
Finally, dn /0X and dn/0Y never vanish simultaneously on the boundary. 


The proof of this fact can be given by the transformation which Kellogg uses 
in his third paper, p. 122. 

Hence it appears that Aw / AZ, formed for the point Z = 0, approaches a 
limit as AZ approaches 0, and this limit is not 0. But 


w= Zr(Z""), and = 


Thus the theorem is established. 
In particular, setting w = pe“ and z = re*’, we infer that 


(5) p=r'|r(z)|, 
where 
A and B being constants. Furthermore, for points z within S, 


dw dw dZ dw 


dz dZdz dZ 


Since dw / dZ is finite near Z = 0 and remains in absolute value greater than 
a positive constant, and since the same is true of ve—®, it follows that 


dw Q(z) 

dz rt’ 
where 

0< A’ <|Q(z)|<B. 
Hence 
6 B’ _ on B’ 
and 
| dn (On A’ 

(7) Oy | Ox + | 


A simpler and more direct proof of the foregoing theorem is desirable. 
Kellogg’s solution introduces more than is needed, since his determination 
of the density of the double distribution contains all the properties of the 
function 7, while we need only such as are sufficient for the study of the 
partial derivatives of the first order near the boundary. 


$4. Completion of the Proof of the Lemma. 


We desire an upper limit (Abschétzung) for the numerical values of 
du/dx, du/dy near P. We have: 


4 

| 

| 

| 

| 
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du , 
Ox Ox ' On Ox’ 

= Ox | Ox |’ 


with a similar relation for lay . From (3) and (5) it follows that 


du dul M 
| |’ | On VA 


Furthermore, from (6): 


On| B’ 
Ox |’ ax | Sr 
Hence, finally: 
Ou _2MB’ 1 
(8) | Ox |’ Oy VA 


Obviously Condition (2) of the lemma can be replaced by the condition: 
u |; =k, where é is any constant, since the function u — k would then satisfy 
all the conditions of the lemma. 


$5. Some Properties of Logarithmic Potential Functions. 


Analytic Quadrilaterals.—In the following pages we have frequently to do 
with simply connected finite regions bounded by four arcs, each of which is 
analytic inclusive of its extremities, the angles at the vertices being each greater 
than 0 and less than 27. Sucli a region we will call an analytic quadrilateral. 

Lemma 1. Let S be an analytic quadrilateral with sides Cy, Ci, C2, C2. 
Then there exists a function u harmonic within S, equal to a, on C, and ag 
on Cz, a, and az being constants, and having its inner normal derivative zero at 
all points of C; and C. except the extremities. If u is finite in S, u is unique.* 

Let S be mapped conformal y on the upper half-plane, and hence, by an 
elliptic integral of the first kind, on a rectangle R in the w = £ + ni-plane 
with its vertices at + K, = K+ K’i, C2 going into a segment of the 
axis of reals. Then the function 


fulfills the conditions of the theorem in R. 
Let u be the function in S into which 2 is carried by the inverse transforma- 
tions. Then wu fulfills the conditions of the theorem in S. 


* The first part of this theorem is not new. A rigorous proof of the uniqueness is, however, 
less familiar. 


v 
K’ 
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To show that u is unique, let u, be a second such function, and form the 
function w= u— u,. Here, w is finite and harmonic within S, and 
Ow Ow 


wlo=0, 
| 1 | 2 On Gy on 


From the lemma of § 2 it follows that w is a function to which Formula (B) 


of § 1 applies: 
Ow dw 


Since the line integral vanishes, the double integral must also vanish, and 
from this it follows that 
w = const: = 0. 

Lemma 2. Let S; be an analytic quadrilateral with the sides C,, C,, C2, C2, 
and let the function u, satisfy the following conditions: 

1) w ws finite and harmonic 
within 81; 

2) ky, ule = ke, 
ky and kz being constants, and 
ky ko = 0; 

OU, | 


Let Se be a second analytic quadri- 
lateral lyiny in S; and having two of 
its sides, A; By and Az Bz, consisting of arcs of C, and C2 respectively. If us 
satisfies the same conditions in S» that u, does in S;, then 
Ou, 
f on ds<— f an 
A,B, Cy 


From the lemma of § 2, and § 4, end, it follows that wu; and uz are functions 
to which the formulas of § 1 are applicable. Hence 


Ou, du, dur 
SIGE +) 


where o; denotes the complete boundary of S;. Moreover, by §1, (D), 


and since 


=z () 
f on ds 
| 
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Ou, Ou; 
f On ds = f On ds + On ds, 


ds . 


We thus obtain for the value of the double integral: 


Similarly, 


Let w = uy — UW in So; Uy = Ue +w. Then 


9 
SS dy ay) 
The last integral, being equal to 


— 
is seen to vanish. Hence 


Substituting for the integrals in (11) their values obtained from (9) and 


(10), we have 
(ky ke ) Gia > (ky ke) f an ds, 


it follows that 


and the proposition is proved.* 


* The proof here given is due to Professor B. O. Petrce. 


Ch 
So 
But 
(11) 
A,B, 
QO 


1913] CONFORMAL TRANSFORMATIONS 287 


Lemma 3. In the analytic quadrilateral S with sides C,, C,, C2, C2 the 
functions u;, U2 shall satisfy the following conditions: 
1) u; ts finite and harmonic within S, = 1, 2; 
Ou; 


9 
2) 0, On | ey 0, 


31) 0<u Ila; 
where k is a positive constant, and u, is harmonic in all points of C, and C2;t 
32) =k, U2 |e, = 0. 


Then 


Let S be mapped on a rectangle R of the (2’, y’ )-plane, C; going over into a 
segment AB of the line y’ = 1, and C2 into a segment CD of the axis of 2’. 
Let / be the length of either of these segments. Denote by u;, uz the functions 
into which uw, wv are thus transformed. Then 


uz = ky’. 
For, ky’ is evidently one function having the properties of u,, and by Lemma 1 
there is only one such function. We wish, then, to prove that 


du; dui 


Since 
, 


= —k, =k, 
On’ ‘cp 


the inequality (12) is equivalent to the following: 


(13) > — 


AB 


From § 1, (C), we have, since u; and wu; satisfy in R the requisite conditions: 


where o denotes the complete boundary of R. Here, 


ds! = ds’ = ds’; 


t This latter a can be replaced by a less restrictive one; for example, that the first 
partial derivatives of wu be continuous on the boundary. 


j 
Ou, 
| 
=f 
fous an! ds’ = Wi ds’ , 


288 W. F. OSGOOD AND E. H. TAYLOR: [April 


, , , , 
Uy ds’ = f u,(— k) ds’ +f = fu ds’ + f Uy is’) 
cD cD 


AB AB 


du, ‘ 
ds’ = — fiw ds’ + fu; ds’ > fu ds’ > — kl, 
AB AB cD AB 


and this is precisely (13). 


and 


Hence 


$6. The Fundamental Theorem and the Method of Proof. 


Definition: A boundary point A of a region S shall be said to be accessible 
if it can be approached along a Jordan curve lying wholly within the region 
except for its extremity A.* For a discussion of multiply counting boundary 
points cf. § 7, under Theorem III. 

THeoreM I. Let S be a simply connected plane region whose boundary consists 
of more than one point, and let the interior of S be mapped conformally on the 
interior of a circle S’. Let A be an accessible boundary point of S, and let C 
be a curve lying within S (except for one extremity) and leading to A. Then 
the image of C in S’ is a curve C’ with a single limiting point A’ on the circum- 
ference of 8S’; so that, of a point P approach A along C,, its image P’ will approach 
A’ as its limit. 

The region S can be transformed on a finite region lying in the upper half 
of the z = x + yi-plane, the point A going into the origin.f It is this latter 
region which we shall henceforth consider and denote by S. Let S’ be the unit 
circle of the w = u + vi-plane, the point O of S going over into w = 0, and 
let g be the Green’s function of S with its pole at 0; h, the conjugate function. 
Then the interior of S is mapped conformally on the interior of S’ by the 


transformation 
w= hi. 


As P approaches A along C, g approaches 0. To prove the theorem, it is 
necessary and sufficient to prove that, as P approaches A, a branch of h, 
single-valued and continuous along (’, also approaches a limit. 

Let € be a positive quantity chosen at pleasure and then held fast. With 
A as center construct two circumferences 


ry 
|z| =n; |z| = re; 


*For an example of a region having boundary points that are not accessible cf. Oscoop, 
these Transactions, vol. 1 (1900), p. 311. . 
+ Oscoop, Funktionentheorie, vol. 1, p. 700. 
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a being a positive constant less than unity. Furthermore, r2 shall be so chosen 
that O shall lie outside the circle a2. Let P; be that point of intersection of 
o, and C such that o; and the are PA of C have no other point in common. 
It will now be shown that rz can be so chosen that the variation of h along C 
from P, to A is less than e. ' 

Let 7 be a positive quantity chosen arbitrarily small. Then it is clear that 
ro can be so restricted that the upper limit of g on the arc or ares of o2 that lie 
in S will be less than n. Let this be done. rz, and with it r;, are now fixed. 

Let P’ be a point on the arc P;A arbitrarily near A, and let u > 0 be so 
chosen that every point of the arc P,P’ lies within the curve g = wu. Denote 
by S the portion of S composed of the curve g = u and the points interior to 


Fia. 5. 


it.", Since g = yu is a closed analytic curve distinct from o;, it is cut by o; 
in a finite number of points. Thus a; yields a finite number of cross-cuts of S. 
One of these, KiK2, divides S into two simply connected regions, one of 
which contains the point 0, and the other, —Z, let us call it, —the point P’ 
(and hence the are P,P’ of C). 

Since a branch of h is single-valued and harmonic in = and continuous on 
the boundary, it has an upper and a lower limit in 2, which are reached 
on the boundary of 2. Now dg/dn> 0 at every point of the curve g = n, 
and so h varies monotonically along the are K,LK,. Therefore the upper 
limit 77 and the lower limit hp of A in = are reached on the are K,K2 of oy. 

Construct the curves h = H and h = ho, and denote them respectively 


q 
{ 
j 
a 
a 
5 
/ ( 
\ 
\ 
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by Tandy. Let be M and Q points in which I meets a; and a» respectively, 
such that the are MQ of T has no point except its extremities in common with 
0, or oz. Let m and q have a corresponding meaning for y. The points 
m, M may lie on the are K,K2 produced. 

The proof turns on applying Lemmas 2 and 3 of § 5 to the analytic quadri- 
laterals B,P,C,C,QB2 and mMQgq (or a corresponding one, to be determined 
later), and noting at the outset the following two facts: 

a) The value of g on the are gQ is less than 7; 


b) = Hho. 


The truth of (b) depends essentially on the fact that when a point P, starting 
at K,, describes the boundary of = in the positive sense (K,LK2), h attains 
its minimum value ho along the arc K2P;K;, in a point or in several points, all 
of which are reached before h attains its maximum value H on that arc. 
For a proof, consider the map of S on the circle p < e~*, where w = pe”, 
and the image of the arc K2P,K;, in this circle. Since h = — 6+ const., 
it is sufficient to prove the corresponding statement for @, and this is readily 
done by mapping the above circle on the W-plane by the function W = log w. 

Lemma 2 is applied as follows: Form a function u; harmonic in the ring 
ry < |z|< and such that 


It is 
n (log r — log r;) 
“log rz — log = CF (log log 

where c = — 1/loga. The conjugate of w; is 

= eng + const., 
and 

01 

(14) 5, ds = ern. 


Let uw. be determined by the following conditions: 
1) uw is finite and harmonic within the analytic quadrilateral mMQq,— 
we assume for the moment that y and I are not tangent to a; or 2; 


2) 7, U2 = 0; 


The existence and uniqueness of such a function follow from Lemma 1, § 5. 
We now apply Lemma 2 of § 5, taking for the region S; so much of the ring 


mM 
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r; S |2| < mr as lies above the lower half-plane, C, lying along a2; and as 
S., the analytic quadrilateral mMQq. Hence, with the aid of (14), 


OUus 
(15) ds< — = ern. 
B2C2 


Furthermore, from § 1, (D), 


and hence, by using (b), we have 


Og, _ (99, _ 
(16) [Sods = Hho, 
mM 
the normal in the last. integral being opposite in sense to that of the integral 
in (0). 


Finally, we apply Lemma 3 to the functions g and ue considered in mMQq, 
g corresponding to u,;. Hence 


or, from (15) and (16), 
4 H— ho < crn. 


If, then, we choose 7 so that 2ern < €,—the reason for the factor 2 will 
appear presently,—our proof is complete, except for the assumption that T 
and are not tangent to or 

In case of tangency, I and y can be replaced by curves near by, cutting o1 
and o2, but not tangent: h = H’ and h = hy, H’ and hy differing but slightly 
from H and ho respectively; so that, in particular, H’ — hi >} (H — ho). 
The point m’, as above in the case of m and M, will thus be reached before 
M’, so that (b) will hold. Using the analytic quadrilateral bounded in part 
by these curves instead of I and y, we infer that 


H' — hy < ern, or H — ho < 2crn < 


This completes the proof. " 
Let the limit approached by h as P approaches A along C be denoted by h. 


Extension of Theorem I. 


The analysis by which the foregoing theorem has been established yields 
more than the result stated in that theorem. Extend the arc mM of o; in 
both directions until it meets the boundary of S in the points N; and No. 
The cross-cut N,P,N2 divides S into two simply connected regions. Let 2° be 
the one of these regions that contains the are PA of C. 


an = 0, 
mMQq 
og 
f < on ds, 
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From the theorem just proved it follows that the function h approaches a 
limit when P approaches N,, and also when P approaches N2, along the arc 
mM produced. h has, therefore, a finite upper limit H and a finite lower limit 
ho along the cross-cut. Moreover, it is readily seen from the foregoing analysis 
that 

Se; 


and since, at any interior point of 2°, h lies between H and ho, we have, for 
any such point 
(17) |h—h| Se. 
Consider, now, a succession of circles with A as center and with radii 
lim r™ = 0, 


and the corresponding regions cut from S: 


= 3 a = 


the general region being so taken as to include the whole of a certain arc of 
C abutting on A. Let 2, 2, --+ be any set of points interior to S with A 
as a cluster-point and such that, for a given m arbitrarily large, z, lies in >“™ 
provided n > mm. If h, denotes the value of h in z,, then h, will approach 
a limit, -and 

(18) lim h, = h. 

n=@ 

We have, therefore, obtained the following 

EXTENSION OF THEOREM I. If wi, we, +++ be the images in S’ of 2, 
z2, +++, and if w correspond to A’, then wy, will approach a limit and 
(19) lim w, = Ww. 

n=2 

It is to be noted that the maximum diameter of 2“ does not necessarily 
converge toward zero when n = ©, and also that the points z, may have other 
cluster-points than A ,—which points will, of course, lie on the boundary of S. 

Coro.ttary. <A point A’ of the circumference of S’ which is the image of an 
accessible boundary point A of S has other such points in every neighborhood of 
itself and on either side; i. e., the points A’ form a set that is “in sich dicht”. 

In fact, the extremities of the cross-cuts |z| = r™ just described are 
accessible points of the boundary of S, which go over into points of the cir- 
cumference of S’ approaching A’ from both sides. 

The set of points A’ is not, however, in general perfect, as is shown by the 
following example. Consider the region S, of the 2; = 2; + 7y;-plane: 


1 
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and let a definite interior point 0; be chosen as the pole of the Green’s function 
for S;. If S; be mapped on S, by the transformation 

] 

then all the boundary points of S., inclusive of the cusp at the origin, are 
accessible. Let h = h’ be the line of flow to this point. 

On the other hand, let S; be wrapped round a circle by the transformation 


| 


22 = 


Then the curve h = h’ winds round this circle indefinitely, and its only points 
of condensation not pertaining to itself are the points of the circle. Let A be 
an arbitrary point of this circle, and let z,, 22, «++ be a set of points in S with A 
as their limiting point. Then their images w, will converge toward a point A’ 
on the boundary of S’, and A’ will be the same point for all of the above 


choices of A. 
$7. Further Theorems. 


TueoreM II. Let C; be a second curve of S also leading from O to A and 
meeting C only in those points. Let C\ be the image of Cy in 8S’, Aj its 
limiting point on the boundary of S’. The necessary and sufficient condition 
that A; coincide with A’ is that the simple closed curve C consisting of C and Cy 
may be drawn together continuously to the point A without passing out of S; or, 
in other words, that C shall contain in its interior only interior points of S. 

That the condition is sufficient follows at once from the extension of 
Theorem I. 

To prove the condition necessary, consider the simple closed curves C and 
C’. Suppose C contains boundary points of S in its interior. Denote the 
part of the latter region lying within S by 2, and consider the function w of z, 
defined by the map, in R. When z, remaining in R, approaches a boundary 
point B of S, passing through any set of points 21, %, --- which have B as 
their sole limiting point, w approaches a limit, namely, the value w of w in A’. 
By an extension of a theorem due to Painlevé* w must, therefore, reduce to a 
constant, w, and this is not true. 

Closely related to the foregoing theorem is the following. 

*PainLev6é, Toulouse Annales, vol. 2 (1888), p. B. 29, stated the following theorem: 
If f (2) is analytic in a region T and approaches one and the same value along an arc of the 
boundary, then f (z) is a constant. He proved the theorem for ordinary ares. But it is true 
generally, when the words: “an are of the boundary” are replaced by the words: “a connected 
piece of the boundary containing two distinct points, each of which can be approached along 
a curve lying within the region.” Cf. Taytor, Bulletin of the American Mathe- 
matical Society, vol. 19, June, 1913. 


Trans. Am. Math. Soc. 19 
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TueoreM III. Jf A and A, are two distinct accessible points of the boundary 
of S, then the corresponding points A’ and A; on the circumference of S’ will also 
be distinct. 

Conversely, let A’ and A, be two distinct points of the circumference of S’, 
corresponding to points A and A, (distinct or coincident) which can be reached 
along curves C and C,; the latter moreover shall not intersect. Then each 
of the regions into which S is divided by the cross-cut (C, C;) will contain 
among its boundary points other boundary points of S than A and A,. 

For, suppose A’ and A; coincide. Then the reasoning in the proof of the 
last theorem is applicable, and it follows that A and A, coincide. Thus the 
first part of the proposition is established. 

The second part of the theorem follows at once from the extension of 
Theorem I. 

Theorem II may be regarded as coming directly under Theorem III if we 
agree to consider as distinct two coincident points of the boundary of S which 

‘an be approached along curves C and C; emanating from O and lying in S, 
when each of the regions into which S is divided by the cross-cut (C, C;) 
has among its boundary points other boundary points of S than the given 
points. Such points of the boundary, if they exist, shall be called multiple 
points. 

Again, a boundary point may be accessible for a certain avenue of approach, 
and still be inaccessible for a set of points lying within S and condensing on 
it as their sole limiting point. As an example of such a region, take the interior 
points of the circle | z | < 5 with the exception of those points (a) which lie 


on the line x = 0, — 1 < y < 1, and (b) which lie on the curve 


where 2 is the smallest positive x2 for which this curve cuts the circumference 
of the circle. 

It is, then, in general impossible to divide the boundary points into accessible 
and inaccessible points except as they are multiply counted. We will not 
attempt such a classification, but refer to Condition A below as giving a 
working definition for Theorem V. 

Corouuary 1. If the boundary of S consist of a simple closed Jordan curve, 
then the conformal map of the interior of S on the interior of the circle S’ will be 
one-to-one and continuous on the boundary. 

From Theorems II and III it follows that a one-to-one relation exists between 
the totality of points of the boundary of S and a set of points (not as yet known 
to be everywhere dense) on the circumference of S’. It follows further, 
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however, from the extension of Theorem I that the points of the latter set 
depend continuously on the points of the former set. And so Hurwitz’s 
condition that the points of the latter set form a Jordan curve is seen to be 
fulfilled. * 

Corotiary 2: If the boundary has no inaccessible and no multiple points, 
it is a simple closed Jordan curve. 

First, there will be a one-to-one relation between the points of the boundary 
of S and those of a set situated on the circumference of S’. 

Secondly, the latter points must comprise all the points of that circumfer- 
ence. For otherwise consider a radius leading to an omitted point. The 
image of this radius in S would be a curve having more than one point of con- 
densation on the boundary, and hence entering every neighborhood of two ac- 
cessible points. But this is absurd. 

Thirdly, if A’ is an arbitrary point of the circumference of S’ and A its 
image on the boundary of S; and if a circle of arbitrarily small radius be de- 
scribed about A, then there exists an are extending equal distances to either 
side of A’, all of whose points have their images in the circle in question. 
For otherwise there would exist a set of boundary, and therefore also a set of 
interior points of S, each of whose distances from A is greater than a certain 
positive constant, and such that their images in S’ cluster about A’. But 
these points would have a cluster point A; on the boundary of S distinct from 
A, and hence go over into points of S’ condensing on A}. 

Thus the boundary points of S fulfil Hurwitz’s definition of a Jordan curve, 
and the theorem is proved. 

Remark: It may however happen, even when the boundary has inaccessible 
points, that the accessible points are related in a one-to-one manner to the 
points of the circumference of S’. An example of such a region is the domain 
considered by Osgood, Funktionentheorie, vol. 1, p. 154. 

This example shows, moreover, that Painlevé’s theorem cannot be extended 
as follows: Let f (z) be analytic in a region 7 and vanish along a portion of the 
boundary consisting of an arc of an analytic curve; then f(z) =0. For the 
foregoing function w approaches one and the same value, w, along the right 
line segment 2 = 0,05 y<1. But w—w #0. 


TuHeoreM IV. The points A’ are everywhere dense on the circumference of S’ . 


Suppose the proposition were not true. Let h = —@, and let the are 
— L <6 < —llie within an are free from points A’. The region S will be 
divided by the curves h = | and h = L into two regions, one of which, S;, 
—namely, that in which 1 < h < L,—has no accessible boundary points except 
those of the curves h = landh = L. 


A, Hurwitz, Verhandlungen des ersten Internationalen Mathematikerkongresses, 1898, 
p. 102; Oscoop, Funktionentheorie, vol. 1, p. 147. 
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Consider the curve h = 1, = 3 (1+ L), and let A be a point of conden- 
sation of this curve not pertaining to the curve. Then A will be a boundary 
point of S. Let the plane be transformed as in the proof of Theorem I so 
that A will come to the origin and S lie in the upper half-plane; S and A now 
referring to the transformed region and point. 

Choose the positive quantity 7 arbitrarily small and draw the circles o; 
and g2 as before, the Green’s function g of S being less than 7 wherever it is 
defined on and inside of and =a<l1. 

The curve h = /; must enter the inner circle. Let P,; be a point in which 
it meets that circle. Then an arc of the circle, emanating from P; and remain- 
ing in S,, will approach the boundary of 8; in a point P, lying on one of the 
curves h = 1, h = L; and the are P,P, will lie within S. The variation in h 
along this are is } (I —/). 

Choose up > 0 so that the curve g = yu includes the are P;P2 in its interior, 
and denote the points of intersection of this are produced with 9 = uw by K, 
and Kz. We have now a region © cut off from S (the interior and boundary of 
q = p) by the arc K,k, precisely like the region = of the proof of Theorem I. 
Let H and ho be the maximum and minimum values of hin}. They are at- 
tained on the are A, Ke of the boundary. And now the earlier reasoning leads 
here, as in that case, to the conclusion that 


I] ho 2rcn. 


But I] — ho is at least as great as }(L—/), and » may be so chosen that 
2ren <3(L—1). In this contradiction lies the proof of the theorem. 

We are now in a position to state a necessary and sufficient condition that a 
curve C of S, any complete are of which is a Jordan curve and which proceeds 
out toward the boundary of S, have as its image in S’ a curve C’ abutting on a 
single boundary point of S’. 

Condition A. It may happen that there are two distinct accessible boundary 
points A and A, of S and neighborhoods 


ye 


as described under the extension of Theorem I such that each >“ and each >$” 


is traversed by C. If this is not the case, we say that C fulfills Condition A. 


TnHEorEeM V. A necessary and sufficient condition that the image C’ of the 
above curve C abut on a single boundary point of S’ is that C fulfil Condition A. 


That the condition is necessary, is obvious. To show that it is sufficient, 
suppose B and B, were two distinct boundary points of S’ which are points of 
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condensation of C’. Since C’, as it advances, ultimately has its later points 
all outside of any circle concentric with S’ and lying within it, at least one of 
the arcs BB, must have all of its points points of condensation of C’. But 
the points A’ which are the images of accessible boundary points A are by 
Theorem IV everywhere dense along the circumference of S’. Hence there 
must be two distinct accessible points of the boundary of S precluded by the 
hypothesis, and the proposition is established. 

Corotitary. The image of a curve C’ of S’ having but a single point of con- 
densation on the circumference of S’ is a curve C satisfying Condition A. 


§ 8. Multiply Connected and Multiple-Leaved Regions. 


The foregoing results apply directly to the case of an arbitrary region S, 
single or multiple-leaved, simply or multiply connected, and bounded in 
part by a set of points O more than one in number and such that two of these 
points, A and A,, can be connected by a cross-cut C cutting off from the region 
a simply connected piece S,; bounded completely by C and QO. If S be so 
mapped that S, goes over into a region S; bounded in part by an analytic 
OQ’ corresponding to OQ, then the same conditions for continuity on the 
boundary of the map exist as in the case hitherto discussed. 

For, the interior of S,; can be mapped conformally on the interior of a circle 
Si, the part of S, abutting on © going over into a part of 8 abutting on an 
are Oj of the circumference. To the map in the neighborhood of QO; the 
varlier results apply. On the other hand, the complete neighborhood of any 
point of QO; (exclusive of the extremities of the arc) is mapped conformally 
on the complete neighborhood of the corresponding point of 0’. 

As an example, consider a plane region S with a boundary of n pieces, each 
piece consisting of more than a single point. This region can first be trans- 
formed into a finite region by considering the part of the whole plane bounded 
by a single piece and having an interior point lying within S. This latter 
region can then be transformed on the interior of a circle, and thus the given 
region goes over into a region lying within a circle and having the circle as a 
piece of the boundary. 

Proceed now in a similar manner with a piece of the boundary of the new 
region lying inside the circle. Thus again a region is obtained lying within 
a circle and having the circle as one piece of its boundary, a second piece of 
its boundary being now a simple closed analytic curve. 

By repeating the process we finally obtain a region S whose boundary consists 
of n simple closed analytic curves not cutting one another. The map on the 
boundary obeys the same laws as in the case of the simply connected plane 
region discussed in the foregoing paragraphs. Thus a curve of S abutting 


curve 
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on an accessible point of the boundary goes over into a curve of S having ¢ 
single point of condensation on the boundary.* 

Or, again, since S can be mapped on an n-sheeted Riemann’s surface spread 
out over the upper half-plane, its leaves being connected by 2n — 2 branch 
points, it follows in particular that S can be mapped on such a surface, and 
the map on the boundary (the axis of reals) will obey the laws obtained in the 
preceding paragraphs. 

*It is only the part of this theorem that relates to the map on the boundary which is new. 


The part relating to the map in the interior was obtained by the authors prior to June, 1906, 
but was not published by them. It has since appeared in the literature. 


Harvarp UNIVERSITY, 
CAMBRIDGE, MASSACHUSETTS, 
September, 1912. 
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